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Anaiior TeopeMbi JlHTTjiBy^j^a-IlsjiH 
opTonpoeKTopoB Ha no;],npocTpaHCTBa 

BCHJieCKOB 

C. H. Kyflp5iBLi,eB 


YAK 517.5 


AHHOTau,Ha 

B CTETbe /i,OKa3aHO yTsepjKfleHHe, npe;];cTaBjiHK)iii,ee co6o0 anajicr 
TeopeMbi JlHTTjiBy;];a-n3jiH fljia opTonpoeKxopoB na noflnpocTpaHCTBa 
BcnjiecKOB, cooTBexcTByiomHe HeHsoxponHOMy KpaxHO-MacnixaGnoMy 
anajiHay, nopo>K.ii,eHHOMy xenaopHbiM npoHSBefleHneM rjiaflKHX flocxa- 
xoHHO 6bicxpo cxpeMHmiixca k Hyjiio na GecKOHeanocxH Macmxa6Hpy- 
lOmHX (pyHKpHH 0/l,H0H nepeMeHHOH. 

KjiioHeBbie cjioBa: opxonpoeKTop, no^npocxpaHCTBa BcnjiecKOB, Macmxa- 
Gnpyroipaa (|)yHKn;HH, KpaxHo-MacnixaGHbifi anajiHS, xeopeMa JlnxxjiBy^a- 
n3jiH 


BBe^enne 

KaK H3BecxHo (cm., HanpHMep, [1], [2] h ^p. paGoxbi), BajKHoe anane- 
HHe fljiH BBiBo^a nopa^KOBbix openoK xohhocxh npnGjiHJKeHHa b Lp cnoco- 
6aMH, OCHOBaHHBIMH Ha npHMeHeHHH KpaXHBIX XpHXOHOMexpHHeCKHX papOB, 
KjiaccoB nepHopHHecKHx cJiynKpHii necKojiBKHx nepcMeHHBix c ycjioBHHMH na 
CMemaHHBie npoHSBopHBie (pasHocxH) hmciox xeopcMa JlHxxjiBypa-IIajiH pjiH 
KpaxHBix papoB Oypne h cjiepcxBHa h3 nee. Ho noBopy xeopcMBi JlnxxjiBypa- 
IlajiH pjiH KpaxHBix papoB Oypbc cm., nanpHMep, [3, n. 1.5.2], [4] h npn- 
BcpeHHyio xaM jiHxepaxypy. cpepcxB npHGjiHJKCHHa KjiaccoB (nenepH- 

OpHHCCKHx) (JiyHKpHH, SapaHHBIX Ha Ky6e J'^, nopHHHCHHBIX yCJIOBHHM Ha 
CMemaHHBie paanocxH, anajicr xeopeMBi JlHxxjiBypa-IIsjiH ycxaHOBjieH anxo- 
poM B [5]. HOJiyHeHHH cooxBexcxByroipHx openoK xohhocxh npnGjiHJKe- 
HHH KjiaccoB HenepHopHHecKHx (JiyHKpHH cMemaHHOH rjiapKocxH, aapaHHBix 
Ha BceM npocxpaHcxBe nojieaHo HMexB aHajioxH 3xhx yxBepxcpeHHH pjia 
cpepcxB npnGjiHJKeHHH xaKHx KjiaccoB cJiyHKpHH. C 3xoh pejiBK) B paGoxe 
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flOKaaaH anajicr TeopeMti JlHTTjiBy^a-IIsjiH ^jih ceMeficTBa opxonpoeKTopoB 
{Sk,k G (cm. n. 2.4.) Ha no^^npocxpaHCTBa BcnjiecKOB, cooxBcxcxByio- 

TTT He HeHsoxpoHHOMy KpaxHo-Macmxa6HOMy anajinay (KMA), nopoHc^cHHo- 
My xcHsopHbiM npoHSBe^eHHeM rjia^KHx ^ocxaxoHHo Gbicxpo cxpeMHmHxcH 
K Hyjiio Ha 6ecKOHeHHocxH MacmxaGnpyiomHx (JiyHKpHH o^hoh nepcMCHHOH, 
a HMCHHo, HOKaaaHo, hxo npn 1 < p < cxd p;jih jho6oh 4)yHKH;HH / G Lp(R‘^) 
BBIHOJIHHIOXCH HepaBCHCXBa 


Cl 


< 




KGZi 


1/p 


< C2 


( 1 ) 


C HCKOXOpBIMH KOHCXaHXaMH Ci,C2 > 0, 3aBHCHn];HMH OX d,p H (j3yHKH;HH, 
nopo>Kp;aK)n];Hx KMA. 3ap;aHa nocxpoeHHH MacmxaGnpyiomHx cJiyHKpHH h 
BCH jiecKOB He HBjiHexcH npep;MexoM paccMoxpeHHH HacxoHmeH pa6oxbi, h ho 
oxoMy noBop;y cm., nanpHMep, [6], [7]. PIsBecxHBie anxopy BapnaHXbi anajicroB 
xeopeMBi JlHxxjiByp;a-n3jiH, oxHocamnecH k xeopHH BcnjiecKOB, ne paccMax- 
pHBaiox HeHsoxpoHHBiH cjiyHaH KMA (cm. [8, rji. 6, §2], [9, n. 6.4]). KpoMe 
xoro, B [8] H [9] cooxBexcxByiomHe yxBep>Kp;eHHH onncBiBaiox cbhsb Me>Kp;y 
CBOHcxBaMH Macmxa6Hpyion];eH h/hjih BcnjiecK-cJiyHKpHH c op;hoh cxopoHBi 
H CBOHCXBaMH CHCXCMBI KOScJlcJlHpHeHXOB paSJIOHCeHHH (JiyHKpHH B COOXBeX- 
cxByiomeM 6a3Hce BcnjiecKOB c p;pyroH cxopoHBi. B xo BpeMH khk b nacxoH- 
mefi pa6oxe ycxanaBjiHBaexcH cbhbb Me>Kp;y cBOHcxBaMH MacnixaGnpyiomeH 
H p;BOHCXBeHHOH 60 (JiyHKpHH H CBOHCXBaMH CeMBHCXBa OpXOHpoeKXOpOB Ha 
cooxBexcxByiomHe nop;npocxpaHcxBa BcnjiecKOB. IIpHneM, ycjioBHH npn ko- 
xopBix p;oKa3aHBi oxMeneHHBie BBime yxBep>Kp;eHHH b [8], [9] ne coBnap;aiox 
c ycjioBHHMH, npH KoxopBix ycxaHOBjiBHo cooxHomeHHe (1). OxMexHM eme, 
HXO cxeMa h cpep;cxBa npoBep;eHHH p;oKa3axejiBcxBa (1) oxjiHHaioxcH ox xex, 
HXO HcnojiB30BajiHCb B [8], [9] p;jiH HOJiyHeHHH HMeiomHxcH xaM BapnaHxoB 
anajioroB xeopeMBi JlHxxjiByp;a-n3jiH. 

PaGoxa cocxohx h3 BBep;eHHH h p;Byx naparpacJioB. B §1 npHBep;eHBi npep;- 
BapHxejiBHBie CBep;eHHH, HcnojiB3yeMBie npn p;oKa3axejiBcxBe ochobhbix pe- 
3yjiBxaxoB paGoxBi. B n. 2.4. §2 na ocHOBaHHH cJiaKxoB, nojiyneHHBix b npep;Bi- 
p;yn],HX nyHKxax, ycxanaBjiHBaexcH cnpaBep;jiHBOcxB (1). nepe0p;eM k xohhbim 
(JiopMyjiHpoBKaM H p;oKa3axejiBcxBaM. 


§1. npep;BapHxejiBHBie cBep;eHHH h BcnoMoraxejiBHBie yxBep>Kp;eHHH 
1.1. B 3XOM nyHKxe bbop;hxch o6o3HaHeHHH, Hcnojib3yeMBie b HacxoHmen 
pa6oxe, a xaKHce npHBop;HxcH HeKoxopnie cJiaKXBi, Heo6xop;HMBie b p;ajiBHe0- 
HieM. 

JJ^Jis (i G N Hepe3 o6o3HaHHM mhojkbcxbo 

= {A = (Ai,..., Ad) G Z" : A, > 0, j = 1,..., d}. 


2 



06o3HaHHM TaKJKe npn d eN ^jih I G 7^'^ nepea 7'^{l) MHoacecTBo 


Z^(/) = {A e : \j < IjJ = l,...,d}. 


/Ijih KOMnjieKCHoro HHCJia nepea ^ oGoaHanaeTCH KOMnjieKcno-conpjiJKeHHoe 
HHCJIO. 

Hepea C^{D) oGoaHanaeTCH npocxpancTBo KOMnjieKCHoanaHHBix nenpe- 
pBiBHo ^HcJicJiepeHpHpyeMBix (JiyHKpHH B oGjiacTH iA C a nepea C^{D) 

- npocxpancTBo GecKOHenno ^HcJicJiepeHpHpyeMBix 4 )hhhxhbix (JiyHKpHH, ho- 
CHxejiH KoxopBix jiejKax b D. 

JXjis HaMepHMoro no JleGery MHoncecxBa iA C npn 1 < p < cxd nepea 
Lp{D), KaK oGninno, oGoananaexcn npocxpancxBo Bcex KOMnjieKcnoanannBix 
naMepHMBix na D (JiynKpnn /, Koxopnix onpep;ejieHa nopMa 


WfWMD) 


(/d <p< oo; 

supvrai^go \f{x)\,p = oo. 


L 2 {D) HBjinexcn rnjiBGepxoBBiM npocxpancxBOM co cKajinpnBiM npoHaBep;e- 
HHOM (/, g) = fgdx, f,g e L 2 {D). 

OGoananHM eme nepea jinnennoe npocxpancxBo Bcex jioKajiBHo 

cyMMHpyeMBix b (JiyHKpHH, npHHHMaioniHX KOMnjieKCHBie ananennH. 
BBep;eM en];e cjiep;yion];He oGoananennH. 

AI,ji5i x, p G R^ nojiojKHM xy = X ■ y = {xiyi,..., Xdyd), a a; G R'^ n 
A C R'^ onpep;ejiHM 

xA = X ■ A = {xy : y G A}. 

Byp;eM oGoananaxB 


d 

ix,y) = ^Xjyj,x,y E R'^, 
i=i 

a;^ = a;iR..a;^",a;GR^AGZ^. 

ripn d eN p;ji5i t G R'^ nepea 2* Gyp;eM oGoananaxn Bexxop 2* = (2*^,..., 2*'*). 
OGoananHM nepea R^|. MnoncecxBo a; G R^, Koxopnix Xj > 0 npn 
j = 1,... ,d, n p;ji5i a G R+,a; G R'^ nojioncHM ... a^/. 

ripn d eN onpep;ejiHM MHoncecxBa 

= {a; G R^ : 0 < a;^ < 1, j = 1,..., d}, 

= [x E : 0 < Xj < 1, j = 1,, d}, 

= [x E : —1 < Xj < 1, j = 1,..., d}. 
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Hepea e Gy^eM oGoaHanaTb Bexxop b aa^aBaeMBifi paBencTBOM e = 

IlpH deN JXJIS a; e H J = {ji,..., jfc} C N : 1 < Ji < J2 < • • • < jfc < 

d, Hepea oGoanaHHM Bexxop = {xj^,... ,Xji^) G R^, a ^jih MHoacecxBa 

A C R'^ nojiojKHM A'^ = {x'^ : X ^ A], 

IlpH d eN fljiH a; G R'^ nepea f(x) oGoanaHHM MHOHcecxBo f(x) = {j = 
1,..., (i : a;j 7^ 0}. 

By7i;eM xaKHce oGoaHanaxB nepea xa xapaKxepncxHHecKyio cJayHKpHio mho- 
HcecxBa A C R'^. 

d E N,x,y E Sy^eM nncaxB x < y{x < y), ecjiH 7 i;jih KajK^oro 
j = 1,... ,d BBinojiHHexcH HepaBeHcxBo Xj < yj{xj < yj). 

6aHaxoBa npocxpancxBa X (na^ C) oGoanaHHM B{X) = {a; G X : 

||a;|U < !}• 

GanaxoBBix npocxpancxB X,Y nepea B{X,Y) oGoanaHHM 6aHaxoBo 
npocxpancxBo, cocxoHipee na nenpepBiBHBix jiHHefiHBix onepaxopoB T : X i—)■ 
Y, C HOpMOH 

\\T\\l3iX,Y) = sup \\Tx\\y. 

xeB{x) 

OxMexHM, Hxo ecjiH X = X, xo B{X,Y) HBjiaexcH GanaxoBofi ajireGpoH. 
OxMexHM eipe, uxo npn X = C npocxpaHcxBo B{X, C) oGoanauaexcH xaKHce 
X*. 

B aaBepmeHHH axoro nyHKxa npHBe^eM cBe;];eHHH o xpaxHBix p5i7i;ax, ko- 
xopBiMH 6y7i;eM nojiBaoBaxBcu b 7i;ajiBHeHmeM. 

IlpH d eN fljiH y eW^ oGoanauHM 

Tl{y) = max y^, 

j=l,...,d 

m{y) = min yj 

j=l,...,d 

H 7 i;jiH GanaxoBa npocxpancxBa X, Bexxopa a; G X h ceMeficxBa {x^ E X,k E 
HHcaxB X = limm(K)^.oo a;^, ecjiH jxjia jiioGoro e > 0 cyipecxByex 
no G N xaKoe, uxo ^jih jiioGoro n E jxjia Koxoporo m(x) > no, cnpaae^- 

jiHBo HepaBeHcxBo ||a; — a;K||x < e. 

IlycxB X - GanaxoBo npocxpancxBo (na;]; C), d E N h {x^ E X : 
K E Z'^} - ceMeficxBO BexxopoB. Tor7i;a no^ cyMMOH p5i7i;a XIkgZ'* 

7 i;eM noHHMaxB Bexxop x E X, xoxoporo BBinojiHuexcH paBencxBO x = 
liuim(fc)-i^oo '^KGZ'lik) 

IlpH d eN uepea oGoanaunM MHOJxecxBo 

T-*={eeZ‘‘:6,e{0,l},j = l,...,d}. 

IlMeex Mecxo 
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IlpefljiojKeHHe 1.1.1 

IlycTb X - 6aHaxoBo npocxpancTBo, a Bexxop a; G X h ceMeficxBo {x^ G 
X : K, E xaKOBBi, hxo x = limm(K)_i.oo Tor^a ^jih ceMeficxBa {X^ G 
X,K E }, onpe^ejiJieMoro paBencxBOM 

Xk= G ZJJ., 

£eTG/p)c/M 

cnpaBe^jiHBo paBencxBo 

x= 

IIpefljioJKeHHe HBjiHexcH cjie^cxBneM xoro, hxo npn k G BBinojinnexcH 
paBencxBo 

= a;fc(cM. [10]). (l-l-l) 

kGZ^J, (fc) 

SaMenaHHe. 

JlexKo saMexHXB, hxo jiioGoro ceMeficxBa hhcbji {x^ G M : > 0, k G 

Z'l}, ecjiH Y.kg’L'^ cxo;];hxcsi, x.e. cyipecxByex npe^eji lim (k) 

+ m(fc)—>-oo +' ' 

xo fljiH jik) 6 oh nocjie^oBaxejiBHocxH no^^MHoacecxB C Z^,n G Z+}, xa- 
KHx, Hxo cardZ„ < oo,Zn C Zn+i,n G Z+, h U„gz+-^n = ^+, cnpaBe;];jiHBo 
paBencxBo ~ liiiin-i^oo X]kgz„ Oxcio^a necjiojKHo hohhxb, hxo 

ecjiH fljiH ceMeficxBa BexxopoB E X,k E Z^} OanaxoBa npocxpancxBa 
X pHfl cxo^hxch, xo fljiH J11060H nocjie^oBaxejiBHocxH ho^^mho- 

jKecxB {Zn C Z'^,n G Z+}, xaxHX, hxo cardZ„ < oo, Zn C Zn+i,n G Z+, h 
Unez+^n = z^, B X codjno^aexcH paBencxBO J^KGZf = l™n^oo 

1.2. B 3XOM nyHKxe onncBiBaioxcH neKoxopBie cBoficxBa onepaxopoB npo- 
eKxnpoBaHHH, paccMaxpHBaeMBix b paGoxe. Bee CBe^ennH, npHBo^HMBie b 
3XOM nyHKxe 6e3 ^oKaaaxejiBBxa, mojkho Hafixn b [ 6], [7]. 

IlpejK^e Bcero, oxMexHM, hxo ecjin H ■. X - h 30 mop 4 )H 3 m jiHHefiHoro 
npocxpancxBa X na jiHHefiHoe npocxpancxBo Y n P : Y Y - npoexpHOH- 
HBiH onepaxop, xo H~^PH - npoexxop, ^eficxByiomHH b X h 

ImH-^PH = H-^mP, (1.2.1) 

Ker = 77"^ KerP. (1.2.2) 

JleMMa 1.2.1 

IlycxB Pq, Pi - onepaxopBi npoeKxnpoBaHHH, ^eficxByiomeHe b jiHHefiHOM 
npocxpancxBe X, xaKne, hxo 

ImPo C ImPi,KerPi C KerPo. (1.2.3) 
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Tor^a Pi — Pq HEjiHexcH onepaxopoM npoeKxnpoBaHHH, npH^eM, 


Im(Pi — Pq) = ImPi n Ker Pq; Ker(Pi — Pq) = ImPo + Ker Pi. (1-2.4) 

B cnpaBe^jiHBocxH sxoro yxBepac^eHHH mojkho yGe^nxBCH, oGpaxHBniHCB, 
nanpHMep, k [6], [7] hjih [11]. 

IIpH S G M+ o6o3HaHHM Hepes hs oxoCpaacenne, Koxopoe Kaac^oH (kom- 
njieKCHosHaHHofi) cJiyHKpHH /, sa^aHHOH na neKoxopoM MHOJKecxBe S' C M, 
cxaBHx B cooxBexcxBHe (JiyHKpHio hsf, onpe^ejiHeMyio na MHOJKecxBe {x E 
M : Sx E S} paBencxBOM {hsf){x) = f{Sx). 5Icho, hxo oxo6pa>KeHHe hs 
HBjiHexcH GneKpHefi na ce6s MHOJKecxBa Bcex (JiyHKpHH c oGjiacxBio onpepe- 
jieHHH B M. ripn 3XOM, pjiH S,a E M+ HMeex Mecxo paBencxBo hsa = hsh^j h 
oGpaxHoe oxoGpaaceHHe aapaexcH paBencxBOM 

OxMexHM, Hxo npn 1 < p < cxd oxoGpaaceHHe hs, cyxcenHoe na Lp(M), 
HBjiHexcH jiHHefiHBiM xoMeoMopcJiHSMOM npocxpaHcxBa Lp(M) Ha ceGa h pjia 
/ G Lp{M.) BBinojiHHexcH paBeHcxBo 

\\hsf\\Lp{R) = ll/IUp(IR), 

a, cjiepoBaxejiBHo, pjia / G Lp{R) coGjiiopaexcH paBencxBo 

||^ 7 VlUp(R) = ll/IUp(R)- 

KpoMe xoro, npn 6 G M+, 1 < p < cxd pjiH / G Lp(M.),g E Lp/(R)(p' = 
p/(p — 1)) cnpaBepjiHBo cooxHomenne 

/ {hsf){hsg)dx = f f{6x)g{6x)dx = j f{x)g{x)dx 

Jr Jr Jr 

a, cjiepoBaxejiBHo, 


{hsf){hsg)dx 



0 . 


(1.2.5) 


JXjis ceMeficxBa {x^, E X,u E Z} BeKxopoB GanaxoBa npocxpancxBa X h 
nopMHOHcecxBa A/” C Z nop cyMMofi SypeM noHHMaxn 

lim 2, 

m,nEZ+,min(m,n)^C30 ^ ^ 

v^N 

Hepea I2, k&k oGbihho, oGosHanaexcn rHjinGepxoBo npocxpaHcxBo bbk- 
xopoB X = {xi, E C,u E Z}, pjiH Koxopnix pnp cxopHxcn, co 

CKajinpHBiM npoH3BepeHHeM 

(x^y) = ^xXJJ,x,y E k- 
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IlycTb Xq - aaMKHyxoe jiHHefiHoe no^npocxpaHCTBo b L 2 (M), ^jih Koxopo- 
ro cyipecxByex cJiyHKpHJi 0 G Xq xaxaH, hxo CHCxeMa (JiyHKpHH {0( - — z/), z/ G 
Z} HBjiHexcH GasHCOM Pncca b Xq, x.e. saMBiKaHne b L 2 (I^) JiHHefiHOH 060 - 

JIOHKH 3XOH CHCXeMBI 


closeL2(R)(span{0(- - z/), z/ G Z}) = Xq (1.2.6) 

H cyipecxByiox KOHcxanxBi A, B E M+, oGjia^aroipHe xeM cbohcxbom, hxo ^jih 
jiioGoro ceMeficxBa {c^, z/ G Z} G /2 coGjiio^aioxcH nepaBencxBa 

A\\{c^,iy E Z}||z2 < II - z^)|U 2 (r) < B\\{c^,iy E Z}||;2 (cm. [6], [7]). 

(1.2.7) 

ycjioBHH (1.2.6), (1.2.7) sKBHBajienxHBi xoMy, hxo oxoCpaaceHne A^ : I 2 ^ 
Xq, Koxopoe KajK^OMy BCKxopy {cjy, z/ G Z} G /2 cxaBHx b cooxBexcxBHe 
(JiyHKpHK) ~ ^ XonL 2 (IR) HBJIHeXCH JIHHeHHBIM XOMeOMOpcJiHS- 

MOM npocxpancxBa I 2 na no^npocxpaHcxBo Xq fl L 2 {M.). 

Jins 4)yHKij,HH 0 G Xq, y^oBjiexBopHiomeH ycjioBHHM (1.2.6), (1.2.7), nafi- 
^eM ;];BOHCXBeHHyio efi cJiyHKpHio 0 G Xq (cm. fji. 1 hs [6 ]), x.e. xaKyio, hxo 
npH z/, /i G Z coGjiio^aioxcH paBencxBa 

f Mx - y)WXx)dx = Jo. "P>' " e z \ M-, 2 

Jr [l,npHZ/ = /i. 


IIpH 3XOM CeMefiCXBO (JiyHKpHH {0(- —z/), z/ G Z} XaKJKe HBJIHeXCH GaSHCOM 
Pncca B Xq h ^jih Kaac^oro / G Xq b L 2 (I^) HMeex Mecxo npe^cxaBjieHne 

/ = ^Cj.0(-- z/), (1.2.9) 

r^e ceMeficxBO {ci^, z/ G Z} G /2, a ^jih Kaac^oro z/ G Z BBinojiHHexcH paaen- 

CXBO 

Cy= f{x)^{x — u)dx. (1.2.10) 

Jr 

OGo3HaHHM Hepes Uq onepaxop opxoroHajiBHoro npoeKxnpoBaHHH npo- 
cxpancxBa ^ 2 ( 1 ^) Ha no^^npocxpancxBo Xq, x.e. Uq : ^ 2 ( 1 ^) ^ Z 2 (M) - nenpe- 
pBiBHBiH npoeKxop, y Koxoporo 

ImUo = Xq, (1.2.11) 

KeiUQ = lm{E - Uq) = {/ G L 2 (M) : [ fgdx = 0 Vz? G Xq}, (1.2.12) 

Jr 
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r^e E - TOJK^ecTBeHHbiH onepaxop b L 2 (M). 

Hs ( 1 . 2 . 9 ), ( 1 . 2 . 10 ), ( 1 . 2 . 11 ), ( 1 . 2 . 12 ) BBiTeKaex, hxo ^jih / G ^2(1^) b 
L 2(M) cnpaBe^jiHBo paBencxBo 


Uof = ^( [ {Uof){x)^{x - u)dx^(l){- - u), 

uez ^ 


npHHeM, 


{Uof){x)(j){x - p)dx = / {{Uof){x) - f{x) + f{x))(j){x - p)dx 


= / {{Uof){x)-f{x))(f){x - v)dx+ I f{x)(l){x - u)dx = / f{x)(j){x - u)dx, 


H, 3HaHHx, B L 2 (M) HMeex Mecxo paBencxBo 

Uof = '^( [ f{x)^{x - u)dx 

u&Z 

TenepB npn /c G N hojiojkhm 

Xu = h'^iXo) = h2{h';-^Xo) = h2{Xu-i), ( 1 . 2 . 14 ) 

Uk = h^2Uo{h2)~^ = h2kUo{h2^)-^ = ( 1 . 2 . 15 ) 

ConocxaBjiHsi ( 1 . 2 . 1 ), ( 1 . 2 . 2 ), ( 1 . 2 . 14 ), ( 1 . 2 . 15 ), ( 1 . 2 . 11 ), ( 1 . 2 . 12 ), ( 1 . 2 . 5 ), 
( 1 . 2 . 6 ), saKjiioHaeM, hxo Uu '■ L2{M.) 1—)■ L2(M) HBjuiexcH nenpepBiBHBiM npo- 
eKxopoM, y Koxoporo 


^0(.-z/). (1.2.13) 


Imllk = Xk = /i 2 fc(closeL 2 (R)(span{ 0 (. - u),u e Z})) 

= closeL2(R)(/i2fc(span{0(. - z/), z/ G Z})) 

= closeL2(R)(span{/i2fc(0(. - z/)), z/ G Z}) 

= closeL2(R)(span{0(2^ • -z/)), z/ G Z}), (1.2.16) 


KeTUk = h2k{{f eL2 


fgdx = 0\fg e Xq}) 


= ■ f e L2(M), / h2k{f)h2k{g)dx = 0 G Xq}) 


= {F eLr 


FGdx = 0WG e Xk}. (1.2.17) 



IIpHHHMaJI BO BHHMaHHe ( 1 . 2 . 16 ), ( 1 . 2 . 17 ) H yHHTBIBaH, HTO flJIH / G 
L 2 (M) cnpaBe^jiHBo cooxHomeHHe 

/ f{x)g{x)dx = 0 Vfif e closei 2 (K)(span{ 0 ( 2 '' • -z/), u e Z}) 

Jr 

[ f{x)g{x)dx = 0 Vgf G span{())( 2 ^ • —z/), z/ G Z} 


f{x)(j){2^x — i')dx = 0 Vz/ G Z, 


HaxoflHM, HTo npH /c G Z+ Bepno paBencTBo 


KerT/fc = {/ G L 2 (M) : / /(a;) 0 ( 2 % - z/)cia; = 0 Vz/ G Z}. 


Otmothm, hto BBH^y ( 1 . 2 . 15 ), ( 1 . 2 . 13 ) / G Z 2 (M) npn /c G Z+ b 

L 2 (M) BBinOJIHJieTCH paBOHCTBO 


Ukf = h2k (^2-fc/)(a^)0(a^ - Z2)cia;^0(- - z/)^ 


/ /(2 ^a;) 0 (a;-z/)da; j 0 ( 2 ^ •-z/) 


f{x)^{ 2 ^x — u)dxj 4 >{ 2 ^ ■ —v). ( 1 . 2 . 18 ) 


IlpefljiojKeHHe 1.2.2 

IlycTB (j) - HSMepHMaa (JiyHKpHH na M, ^jih Koxopofi cyipecxByex neox- 
pnpaxejiBHaH cyMMHpyeMan na M cJiyHKpHJi $ xaKaa, hxo noHxn ^jih Bcex 
a; G M BBinojinnexcH HepaBencxBo 


(a;)| < / ^{x — u)du, 

J(l/2)Bi 


( 1 . 2 . 19 ) 


H (jayHKpHH 0 G Zp(M) npn 1 < p < cx). Torp;a npn 1 < p < cxd cJayHKpHH 


( 1 . 2 . 20 ) 


p;ji5i K G Z+, / G Zp(M) H jiioGoro nop;MHOJKecxBa J\f (Zh pap; 

2 ^ / /(p) 0 ( 2 '=p - z/)dp^ 0 ( 2 '"a; - z/) 
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a6cojiioTHo cxo^HTCH noHTH B KajK^OH TOHKe a; G M, npaneM, cymecTByex 
KOHCTaHxa Ci($,0,p) > 0 xaKaH, hxo npn 1 < p < cxd f G Lp(M.),K, G 
Z,_|_ , A/" C Z noHXH Bcex a; G M co6jiiop;aexcH HepaBencxBo 


2k 

a npH /t;gZ+,1<p<cxd jiHHefiHBm onepaxop : Lp{R) i— )■ 

Loo(IR), KoxopBiH onpep;ejiJiexc5i paBencxBOM 



f{y)(t){2^y - u)dy ]^{2^x - v 


< ci2 


k/p 


( 1 . 2 . 21 ) 


(J5;/)(i)=5^2“ 

v&> 


f{y)^{2^y - iy)dyj(j){2^x - z/), 


noHXH p;ji5i Bcex a; G M, / G Lp(M), (1.2.22) 


rp;e cyMMHpoBaHHe npoH3Bop;Hxcji noHxn b Ka>Kp;oH xonxe a; G M, HBjiHexcH 
HenpepBiBHBiM, h cnpaBep;jiHBa openKa 

IIP/IIl„(i.) < Ci2-'''|I/Itt.(,). (1.2,23) 

OxMexHM, Hxo ecjiH npn 1 < p,q < oo cJayHKpHH / G Zp(R) fl Lg(M), 
xo E^f = E^^f^K G Z_|_. riosxoMy, ecjiH yKasanne KaKoro-jinGo HHpeKca b 
o6o3HaHeHHH no Konxencxy ne cymecxBenno, xo mbi 6ypeM ero onycxaxB. 

/],OKa3axe jiBcxBo. 

Hpencpe Bcero, oxmoxhm, nxo b cnjiy (1.2.19) nonxn pjin Bcex a; G M 
cnpaBepjiHBo nepaBencxBo 


|0(a^)| < / ^{x — u)du < / ^{x — u)du = / <l>(M)(iM = ||$||lpr), 

a{i/2)Bi aR JR 

x.e. HMeex Mecxo (1.2.20) npn p = oo, n 

||0||loo(ir) < II*^IIli(r)- 

KpoMe xoro, nocKOjinny pjin u G {1/2)B^ neoxpnpaxejiBHan (jayHKpnn 
$(a; — u) cyMMHpyeMa na M, n fjg^^(x — u)dx = ||$||li(r) cyMMnpyeMa na 
(1/2)B^, xo no xeopeMe OyGnnn (JaynKpnn <l>(a; — u) cyMMnpyeMa na M x 
((1/2)B^), a (JaynKpnn ~ u)du cyMMnpyeMa na M, nxo b cnjiy 

(1.2.19) Bjienex BKjnonenne (1.2.20) npn p = 1. 

Tenepn npn 1 < p < cx) nonxn pjin Bcex a; G M HMeeM 

\(j){x)f = \(j){x)\ ■ \(l){x)\P-^ < \(j){x)\ ■ ||0||i"\R) G Li(R), 

a, 3nanHX, cnpaBepjiHBO (1.2.20) npn 1 < p < cx). 
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/I,ajiee, aaMexHM, hto npn k G Z+, z/ G Z b cHjiy (1.2.19) noHXH ^jih Bcex 
a; G M Bepno HepaBencxBo 


\(j){2^x — u)] < / ^{2^x — u — u)du = / ^{2'^x — u)du 

i(l/2)Bl Ju+{l/2)B^ 

= 2^/ <l>{2^{x-u))du, (1.2.24) 

a npH 1 < p < cxD p;ji5i / G i>p(M) BCJiep;cxBHe nepaBencxBa rejiBp;epa HMeex 
Mecxo opeHKa 


f{y)4>{‘2'^y - T^)dy 


< ll/lkp(M) • 110(2'" • -^)\\L,i 


- 2 ||/IUp(R) • ||0|Up,(R) - C2(0 ,p)2 ||/||lp(r)- (1.2.25) 

Ha (1.2.24) H (1.2.25), nojiBsyacB (j-aftri;HXHBHocxBio HHxerpajia xax cjaynx- 
pHH MHOJKecxB, a xaKJKe xeM, hxo 

mes(2-'"(z/ + (1/2)5^) n 2-'"(z/' + (1/2)5^)) = 0, z/, z/' G Z : z/ ^ z/', k G Z+, 

aaKjiioHaeM, hxo npn 1 < p < cxd, zt G Z+, / G Lp(M), A/” C Z noHXH p;jiH Bcex 
a; G M cnpaBep;jiHBo cooxHomeHne 


XI - T^)dy)(t){2'^x - u) 

ueM dR 


<E 2 ‘ 

u&M 


/(p)0(2'"p - v)dy 


< 2^ X C22"^/^' 


■ m2^x-u)\ 

|i,p(R)-2'"/ <l>(2'"(a; - M))dM 

= 022^'""'"/^’'I 

<C22"-“*''||/||i,|m,. / 4(2“(i-'t.))<i«. = C22=—/"'ll/IU,,,,. / 4(2»«.)<i't. 

»/ M M 

= C 22 "“-“*’'||/||l,(,) • [ 4(«)2-<i« = C 22 -“'"'||/Itt,(„ • [ i{u)du 


a2-'^(!/+(l/2)Bl) 

Lp(R) • [ <l>(2'"(a; - u))du 

./u, 6AZ(2—(i^+(l/2)Bl)) 


= ci(4,.^,p)2'‘''»||/||, 




x.e. HMeex Mecxo (1.2.21). B HacxHocxH, npn A/” = Z hs (1.2.21) cjiep;yex, 
Hxo npH 1 < p < cxD, K G Z+ p;ji5i / G Ap(R) pap; b npaBOH nacxH (1.2.22) 
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cxo^HTCH noHTH fljiH Bcex X G M H 


T 

' v&L 

OTKy^a c ynexoM (1.2.22) BtixeKaeT (1.2.23). □ 
ripe^jiojKeHHe 1.2.3 

IlycxB Xq - saMKHyxoe jiHHefiHoe no^npocxpaHcxBo b L 2(M), xaKoe, hxo 
cymecxByiox (JiyHKpHH 0 G Xq, (p G Xq, ^jih KoxopBix coGjiio^aioxcH ycjiOBHH 
(1.2.6), (1.2.7), (1.2.8), a xaKJxe BBinojinaioxcH ycjioBHH npe;];jio>KeHH5i 1.2.2. 
Tor^a 

1) ripn 1 < p < oo, K G Z_|_ f G Z 2 (M) fl Lp{M.) noHXH Bcex a; G M 
HMeex Mecxo paBencxBo 



f(y)(j)(2^y - u)dy ■(t){2^x-v) 


< ci2 


k/p 


noHXH Bciop;y na 


{Elf){x) = (7/./)(a;)(cM.(1.2.22), (1.2.15)); (1.2.26) 

2) npH 1 < p, g < cxD, K G Z+ p;ji5i / G Lp{R) fl L2{M.),g G Lg{R) fl L2(M) 
co6jiiop;aioxc5i paBencxBa 


[ (EU)-gdx= j f-{Elg)dx 

»/ M «/ IR. 


( 1 . 2 . 27 ) 


/ i^U) ■ gdx= [ f ■ {£^g)dx, ( 1 . 2 . 28 ) 

Jk Jm. 

rp;e onepaxop : Lp{R) i—)■ Loo(K), onpep;ejiHexcH paBencxBOM 

£l = El- El_,, « G Z+, = 0,1 < p < oo. 


/I,OKa3axe jiBcxBo. 

Hxo 6 bi y 6 ep;HXBC 5 i b cnpaBep;jiHBocxH ( 1 . 2 . 26 ), saMexHM, hxo Ka>Kp;oH 
(JayHKpHH / G Z2 (M) b CHjiy ( 1 . 2 . 18 ) nocjiep;oBaxejiBHOcxB cJayHKpHH 


B L 2 (M) cxop;hxc 5 i k (7/k/)(‘) npn n —)■ oo. 
p;oBaxejiBHocxB 


• 0(2'^ • —z/) : n G Z+1 
riooxoMy cyipecxByex nop;nocjie- 



/(p)0(2^p 



(t){2'^x 


u) : Uk e Z+, Uk < Uk+i, k eN 
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KOTopaH noHTH fljiH Bcex a; G M cxo^htch k {Ut^f){x) npn k ^ oo. Oxcro^a, 
yHHTbiBaH, HTO flJiH / G i^p(M) B BH^y ( 1 . 2 . 22 ) ceMeficTBO cJayHKpHH 


n 

E- 

i/=—m 


f{y)<p{2^y — y)dy • 0(2^a: — z/) : m, n G Z+ 


noHTH fljiH Bcex a; G M cxo^htch k {E^f){x) npn min(m, n) — )■ cxd, saKjiio- 
HaeM, HTo fljiH / G L2(M) fl Lp{M.) noHXH ^jih Bcex a; G M HMeex mbcto 
(1.2.26). 

nojiyneHHH (1.2.27), npHHHMaa bo BHHMaHne (1.2.26), (1.2.16), (1.2.17), 
a xaKJKe to oGcTOHxejiBCTBo, hto Im(i? — 11^) = KerT/^, f £ Lp(^) H 
L2(M),5' G Eg(M) nL2(M) HMeeM 


(Elf) ■ gdx= / iU^f) ■gdx= / {UJ) ■ {U^g + g- U^g)dx 


= / (UJ) ■ U^gdx + / (UJ) ■ (g - U^g)dx = / (UJ) ■ iU,g)dx, 


H 


/ ■ {Elg)dx = f- {U,g)dx = (UJ + f- UJ) ■ {U,g)d. 


X 


= / (UJ) • iU^g)dx + if- UJ) ■ iU^g)dx 


= / (UJ) ■ {U,g)dx + / (U^g) ■ (/ - UJ)dx 


= / (UJ) ■ iU^g)dx. 
Jr 

ConocTaBjiHH oth paBencTBa, bh^hm, hto (1.2.27) BBinojinHexcH ^jih / G 


r\L2{R),g G Lq(M) nL 
ffjis BBiBo^a (1.2.28), HcnojiBsya (1.2.27), nojiynaeM 


m)-gdx = / iiEU)-iEjJ))-gdx = / iEJ)-gdx- / iEjJ)-gdx 


= f ■ iElg)dx - f ■ [Ejjdx 


= f- HElg) - iEUg))dx 


= / f ■i8lg)dxj eLpi^)nL 2 m,geL,i^)nL 2 mn 
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IlpefljiojKeHHe 1.2.4 

IlycTb BL.inojiHeHt.1 ycjioBHH npe^jiojKeHHH 1.2.3 (6e3 coGjno^eHHH ycjio- 
BHH npe^jiojKeHHH 1-2.2), a xaKJKe Xq (Z Xi = /i 2 (^o) h U^gz.,. span{0(2'^ • 
—z/), z/ G Z} njioTHO B L 2 (M). Tor^a HMeiOT mbcto cooxHomeHHH; 

1) 

IioliUk C IiiiLIk+i; Keil/K+i C Kei Uk,k, E Z+; (1.2.29) 

2) flJIH Zt, Zt' G Z+ : k' < K, BBinOJIHHIOXCH paBBHCXBa 

Uk'Uk = = Uk'] (1.2.30) 

3) fljiH zt, k' G Z+ coGjiio^aioxcH paBencxBa 




Wk, npH K = zt'; 
0, npH K 7^ zt'; 


(1.2.31) 


r^e Uk = Uk — G Z+,[/_i = 0, h npn zt, zt' G Z+ : zt 7^ zt', ^jih 

/ G L2(M),5f G Z2(M) HMeex Mecxo paBencxBo 


(W«/) ■ {U^'g)dx = 0; 


(1.2.32) 


4) fljiH zt G N coGjiio^aioxcH paBencxBa 

IiiiWk = Im Ui^ n Ker KerW^ = Im + Ker 

5 ) B L2(M) cnpaBe^jiHBo paBencxBo 

/= eL2{R), (1.2.33) 

k.GZ_|_ 

H fljiH J11060H (JiyHKpHH / G Z2(M) HMeex Mecxo paBencxBo 

/ \ 1/2 

II/IImi<)= I E II««/IImi») ■ ( 1 - 2 - 34 ) 

'^kGZ+ 


/loKasaxe jiBcxBo. 

Hpeac^e Bcero, b ycjioBHHx npe^jiojKeHHH c ynexoM (1.2.16), (1.2.14) hmc- 
eM 


ImU, = X^ = /z2«(Xo) C /z2^(Xi) = /z2^(/z2(Xo)) = {h2^h2){Xo) 

= /z2K+i(Xo) = Xk_|_i = 
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A BBH^y (1.2.17), (1.2.14) h nepBoro BKjnoneHHJi hs (1.2.29) bbibo^hm 


KeiU^+i = {F G L 2 (M) : / FGdx = 0 VG G Imt/«+i} 

C {F G L 2 (M) : f FGdx = 0 VG G ImG^} = KerG^, 

Jr 

HTo saBepmaeT bbibo^ (1.2.29). 

YGe^HMCH B cnpaBe^jiHBocTH (1.2.30). HocKOJiBKy npn k',k G Z+ : k' < 
K, BCJie^cTBHe (1.2.29) HMeex mbcto BKjiioHeHHe ImG^' C ImG^, to ^jih 
npoeKTopa BBixeKaex, hxo 


G.(G,./) = G,./,/gL2(M). 

/],ajiee, b ycjioBHHx n. 2 npe^jiojKeHHJi ^jih / G G 2(M) naxo^^HM, hxo 
G,./ = U^JUJ) + U,if - UJ) = U^JUJ), 
h 6 o BCJie^cxBHe ( 1 . 2 . 29 ) cnpaBe^jiHBo cooxHomeHne 

Im(F - G«) = KerG^ C KerG^/, 

H, 3 HaHHX, BBinOJIHHeXCH paBenCTBO 


uAf-uj) = o. 

riepeH^eM k npoBepKe (1.2.31). IlycxB k, k' G Z+ k = k'. Tor^a b cHjiy 

(1.2.30) nojiynaeM 

{UA = {UA - U.-iU. - G,G,_1 + (G,_i)2 = 

= Uk, — Gk-1 — Gk-1 + Gk-1 = Gk — Gk-1 = hif^. 

IlycxB K 7 ^ k'. npe 7 i;nojio>KHM, hto k' < k. Tor7i;a, CHOBa HcnojiBsyn 

(1.2.30) , bbibo;];hm 

Ui^iU;^ Uf^i—\Ui^ Uf^'U-\- Gk'—iGk—1 

Gk' — Gk'_i — Gk' + Gk'_i = 0. 


AnajiorHHHo npoBepnexcH (1.2.31) npn k' > k. 
/],ji5i npoBepKH (1.2.32), npHMeHHH paBencxBo 


(U^F) ■ Gdx = F- {U^G)dx, F,G ^ A 
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cnpaBe^jiHBocTb Koxoporo BH^na h 3 BBiBo^a (1.2.27), (1.2.28), c ynexoM 
(1.2.31), flJiH / G L 2 (M), 5 f G L2(U.) naxo^HM 


iplnf) ■ {l^K'g)dx = / {U^'Ui^f) ■ gdx = / 0 ■ gdx = 0, k, k' G Z+ : k 7 ^ k'. 


/],ajiee, conocxaBjiHH (1.2.29) c (1.2.3), b cooxBexcxBHH c (1.2.4) nojiynaeM 
paBBHcxBa n. 4). 

/(jiH flOKaaaxejiBcxBa (1.2.33) c ynexoM npe^jiojKeHHH 1.1.1 noKaaceM, hxo 
fljiH / G 7^2 (M) HMeex Mecxo cooxHomeHne 

\\f - UJ\\l 2 (r) 0 iipn K-)■ 00 . (1.2.35) 

/Ijih / G 7 / 2 (M) H npoHSBOJiBHoro e > 0, nojiBsyacB njioxHocxBio b L 2 (M) 
MHOJKeCXBa 

^K&+ span{0(2'" • -z/), u G Z}, 

BBi6epeM Kq G Z+ H G span{(;/)(2'^° • —z/), z/ G Z}, ^jih KoxopBix 

II/- 1 /||l 2 (k) < e. 

Tor^a npH k, > kq BBH^y (1.2.16), (1.2.29) h xoro 4)aKxa, hxo || 71 k 7 ^||l 2 (R) — 
||7^||i,2(R)>-^ ^ -^ 2 (K), nojiynaeM, hxo 


11/- 7/./|U2(m) = 11/- <? + 17 - ^:^./IU2(m) 

= 11/ - 17 + U^g - UJ\\L,iR) = 11/ - 17 + U,{g - /)|U,(m) 

< 11/ “ fi'IU 2 (iR) + Wn^g — /)||l 2 (R) < 2||/ — g\\L 2 is.) < 2e, 

x.e. HMeex Mecxo ( 1 . 2 . 35 ), a BMecxe c hhm h ( 1 . 2 . 33 ). 

HaKOHep, oGparpaHCB k BBiBopy ( 1 . 2 . 34 ), saMexHM, hxo pjiH jiioGoro ko- 
HeHHoro MHOHcecxBa S' C Z+ h jiioGoro naGopa (JiyHKpHH {g^ G k, G S} 

BepHo paBeHcxBo 

/ \ 1/2 

II ^ 5 'k||l 2 (R) = ( X] llfi'K|lL2(R) ] • ( 1 . 2 . 36 ) 

B caMOM pejie, BBHpy ( 1 . 2 . 32 ) bbibo^hm 


II 5^1/«IIL(r) = / ^g^ dx= (^c/«)(^ = 

K€S KGS KGS K'eS 

dKg^dx = '^'^ gnV^dx = '^ Ig^l'^dx = ^ ||^, 

t^rCZQ Lr'^<^ i^iZC! lt'^Q t^rCZQ 




K,es k'gs 


K,es k'gs ' 
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OTKy^a npHxo;];HM k (1.2.36). 

JXjis nojiyHeHHH paBencTBa (1.2.34), b ycjioBHHx xeopeMBi, 6jiaro;];apH 
(1.2.33) H (1.2.36), HMeeM 


II/IU2(r) - 


lim 

k^oo ' ^ 


/c=0 

k 


L2(M) 


= lim 

k^oo 
\ 1/2 




K=0 


L2(R) 


= lim 

k^oo 


II^«/IIl2(r)) - II^«/IIL(r)) 

^K=0 2 \ ^=0 2 


\ 1/2 


\ 1/2 


K=0 ' 


Otmcthm, hto (JiyHKpHH (f) H3 npe^jiojKeHHH 1.2.4 jiBjiHeTCH MacmxaGH- 
pyioipeH ^jiH cooxBexcxByiomero KpaxHo-MacmxaGnoro anajinsa (cm., nanpH- 
Mep, [6], [7]). 


1.3. B 3XOM nyHKxe npHBe^eM ncKoxopBie BcnoMoraxejiBHBie yxBepxc^e- 
HHH, KoxopBie HcnojiBsyioxcH B ^ajiBHefimeM. 

/loKasaxejiBcxBo jicmmbi 1.3.1, npoBe^cHHoe b [11], bhojihc anajiorHHHo 
flOKaaaxejiBcxBy cooxBexcxByioin;ero yxBepjK^^CHHH h3 [12], [13]. 

JIcMMa 1.3.1 

IlycxB (i G N, 1 < p < cxD. Torp;a 

1) npH j = 1,... ,d jiioGoro nenpepBiBHoro jiHHefiHoro onepaxo- 
pa T : Lp(M) i—)■ Lp{M.) cyipecxByex ep;HHcxBeHHBiH nenpepBiBHBiH jikhch- 
HBiH onepaxop T-^ : Lp{W^) i—)■ Lp{W^), Koxoporo p;jiH jiioGoh (JiyHKpHH 

/ G Lp(R‘^) noHXH p;ji5i Bcex (xi,..., Xj - i , Xj + i , ..., Xd ) G b Lp(R) bbi- 

nOJIHHeXCH paBCHCXBO 


, Xj-i, •, Xj+i, ...,Xd) 

= {T{f{xi,... ,Xj_i,-,Xj+i,... ,Xd))){-), (1.3.1) 

2) npH 3XOM, p;ji5i Ka>Kp;oro j = l,...,d oxoGpajKCHHe Koxopoe 

Ka>Kp;oMy onepaxopy T G B{Lp{M.), Lp{M.)) cxaBHx b cooxBcxcxBHe onepa¬ 
xop Vy^{T) = G B{Lp{W^) , Lp{W^)) , yp;oBjiexBopjnon];HH (1.3.1), HBjinex- 
cn nenpepBiBHBiM roMOMop4)H3MOM GanaxoBon ajireOpni i3(Lp(R), Lp(R)) b 
GanaxoBy ajireGpy i3(Lp(R‘^), Lp(R‘^)), n 

{T)\\B{LpiRd),LpiR‘i)) < [|T]|b(Lp(r),Lj,(r)), (1.3.2) 

3) npnneM, jiioGbix onepaxopoB S', T G i3(Lp(R), Lp(R)) npn jiioGbix 
/, j = 1,..., (i : i 7 ^ j, coGjno7i;aexcH paBencxBO 

{V/^-{S)Vy^iT))f = iVy-iT)v/^-{S))f, f G L,(R‘'). (1.3.3) 
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SaMenaHHe. 

Ecjih npH d E N,1 < p,q < oo, onepaxop T G B{Lp{M.), Lp{R)) fl 
B{Lq(K), Lq(K)), TO npH j = ^jih / G fl Lq{M.^) cnpaae^- 

JIHBO paBOHCTBO 

iy^^T)f = (Vq^'’T)f. rioOTOMy CHMBOJIBI Lp, Lq B KaHeCTBC HH;];eKCOB y Vj 
MOJKHO onycKaxB. 

JleMMa 1.3.2 

IlycTB d E N ,1 < p < oo R Tj : Lp{M.) i—)■ Lp{R),j = 1 , ... ,d - naGop 
HenpepBiBHBix jiHHefiHBix onepaxopoB. Tor^a ^jih jiio6oro MHoxcecxBa JT C 
{ 1 ,..., d} H JI1060H 4 )yHKpHH / G Lp{R‘^) BH^a f{xi, ...,Xd) = nj=i fji^j)^ 
r^e fj E Lp{R),j = 1 , ... ,d, noHXH ^jih Bcex (xi,..., Xd) E BBinojiHHexcH 
paBeHcxBo 



/loKaaaxe jiBCTBo. 

/loKaaaxejiBCTBO (1.3.4) npoBe^eM no nnnyK n nn oTHOcnxejiBHO cardjT”. 
ripn caxdj = 1, x.e. ^jih J = {j},j = l,...,(i, corjiacno (1.3.1) nonxn 
fljin Bcex (xi,..., Xj-i, Xj+i,..., Xd) G nonxn b Kanc^on xonne Xj E M 

HMeeM 

iyj{Tj)f){xi ,..., Xj_i, Xj, Xj+i, ...,Xd) 

= {Tjf{xi, ..., Xj_i, •, Xj+i, ..., Xd)){xj) 



nxo coBna^ex c (1.3.4) npn cardjT” = 1. 

npe^nojiojKHM, nxo (1.3.4) HMeex mocto ^jih jnoGoro MnoncecTBa JT”, y 
Koxoporo cardjT < m < d. HoKanceM, nxo xor^a (.3.14) cnpaae^jinBo npn 
card J' = m + 1 . npe^cxaBjinn MnoncecxBO J C {1,..., d} : card J = m + 1, 
B BH^e J = JT” U {j}, r^e j ^ J, na ocnoBannn npe^nononcenna nnyyK n nn c 
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ynexoM (1.3.3) bmbo^^hm 


l[V,{T,)\f\x,,...,x,) = (( n V,{T,)\f\x,,...,x,) 

idJ '' '' ^ \eyu{i} ^ ^ 


v,iT,)(^(^^vmy^yx,,...,x,) 


= {TifiKxi) X (ll(TJ.)(Xi) ) X 


iej 


n f‘ 


Xi 


i=l,...,d-.i^{J\j{j}) 


n mmx,))x 

i€{JU{j}) 


n 


fi{Xi 


i=l,...,d:i^{JU{j}) 


i^JJ ' J 


1.4. B 3TOM nyHKxe npHBe^eHBi BcnoMoraxejiBHBie yxBepjK^enHJi, na koxo- 
pBie onnpaexcH ^oKaaaxejiBcxBo 3aHHMaioin;eH peHxpajiBHoe Mecxo b paGoxe 
jieMMBi 2.1.1. Bee sxh yxBepac^eHHH mojkho HSBjieHB h3 [14, rji. I]. 

By^eM o6o3HaHaxB |a;| = (X]j=i \xj\‘^y^‘^,x G 
JXjis MHOJKecxBa F cW^ vl x nojiojKHM 

p{x) = p{x, F) = inf \x — y\. 

yeF 


JleMMa 1.4.1 

IlycxB d E N. Tor^a cyipecxByex KOHcxanxa ci{d) > 0 xaKan, nxo ^jih 
jiio6oro 3aMKHyxoro MHoaceexBa F (Z W^, ^jih Koxoporo mes(M^ \ F) < oo, 
(JiyHKpHH M{x), onpe^ejiHeMan ^jih x E F paBencxBOM 

M{x) = f p{u)\x — u\~^‘^~^^^du, 

Jr‘^ 

cyMMHpyeMa na F n coGjno^aexcn HepaBencxBo 

J M{x)dx < Cl mes{R‘^ \ F). (1-4-1) 

(cm. §2 rji. I H3 [14]) 

IlpefljiojKeHHe 1.4.2 
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IlycTb d eN. Tor^a cymecTByioT KOHcxaHTbi C 2 {d) > 0, c^i^d) > 0, C 4 ^{d) > 
0,C5((i) > 0 xaKHe, hxo ^jih jiioGoh (BemecxBeHHofi) 4)yHKn;HH / G Li(R'^) 
npH JI1060M a G M+ mojkho nocxpoHXB saMKHyxoe MHoacecBO F C h 
ceMeficxBo oxkpbixbix xyGoB {Qr,r G N} co cjie^yiomHMH cBoficxBaMH; 

1) noHXH Bcex x E F BBinojiHHexcH HepaBencxBo 

\f{x)\<a; (1.4.2) 

2) fljiH W = \ F cnpaBe^jiHBo HepaBencxBo 


mes W < {c^joL) 


\f\dx] 


3) 


QrHQs = 0, flJiar, s E N : r ^ s; 


4) 


W — 


r^e Qj. - saMBiKaHHe xyGa Qr,r E N; 

5) npn r G N cnpaBe;];jiHBBi HepaBencxBa 


CzdidxnQr < inf p(a;, F) < C4 diamQr, 

X&Qr 


(1.4.3) 

(1.4.4) 

(1.4.5) 


(1.4.6) 


r.iie dianiQ — \x - y|,Q C K*'; 

a TBKaie 

6) npn r G N HMeex Mecxo openKa 


(l/mesQr) / \f{,x)\dx<C 5 a. (1-4-7) 

J Qr 

(cm. §3 rji. I H3 [14] HjiH [5]) 

ripn d E N nepea oGoananHM npocxpancxBo BeipecxBenHBix hsmc- 

pHMBix no JleGery (JiyHKpHH b R'^. Kan oGninno, npn 1 < pi,P 2 < 00 nop 
cyMMOH Lpj(R'^) + Lp 2 (R'^) nonnMaexcn nopnpocxpancxBO b L(R‘^), cocxo- 
Huiee H3 Bcex (hynKnnn f E L(W^), njin Koxopnix cynrecxByiox chynKnHH 
fi E 7^pi(R'^) 0 / 2 ^ xanne, nxo f = fi + f 2 - 

HanoMnnM (cm., nanpnMcp, [14]), nxo npn l<pi<p<p 2 <cxD cnpa- 
BcpjiHBO BKjnonenne Lp{W^) C Lp^{W^) + Lp 2 (R‘^). 

TeopcMa 1.4.3 

IlycxB d E N,1 < q < 00 , Cq E R+, Fi G R+ n T : (Li(R'^) + Lq(R^)) 1 —)■ 
L(R‘^) - oxoCpancenne, ypoBjiexBopniomee cjiepyiomHM ycjioBHHM: 
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1) fljiH jiio6t.ix f,gE (Li(R‘^) + Lq{W^)) non™ Bcex a; G Btinoji- 
HHeXCH HepaBeHCTBO 

\{T{f + g)){x)\ < \{Tf){x)\ + \{Tg){x)\-, (1.4.8) 

2) f G npH a > 0 coGjiio^aeTCH nepaBencTBo 

mes{a; G M"* : \{Tf){x)\ > a} < (Co/a)||/||Li(Rd); (1.4.9) 

3) flJiH / G Lg(M'^) npn a > 0 BBinojinHexcH HepaBencxBO 

mes{a; G : \{Tf){x)\ > a} < ((C'i/a)||/||i^(Rd))‘?. (1.4.10) 

Tor^a npH 1 < p < g cyipecxByex KOHcxanxa cg(p, q, Co, Ci) > 0 xaKaa, hxo 
p;ji5i jiio6oro oxcOpaacennH T : {Li(W^) + Lq(W^)) i-G- L(W^), nop;HHHeHHoro 
ycjioBHHM (1.4.8) - (1.4.10), f G Lp(R‘^) HMeex Mecxo HepaBencxBo 

\\TfWlpiRd) < C6||/||Lp(Rd)- (1.4.11) 

(cm. §4 rji. I H3 [14]) 

§2. CBOHCxBa opxonpoeKxopoB, nopo>Kp;eHHBix KMA 
2.1. B 3XOM nyHKxe ycxanaBjiHBaexcH cnpaBep;jiHBocxB yxBep>Kp;eHH5i, na 
KoxopoM ocHOBan BBiBop; anajicra xeopcMBi JlHxxjiByp;a-n3jiH opxonpo- 
CKxopoB Ha nop;npocxpaHcxBa bohjicckob {S^, h G Z^(_} (cm. xeopcMy 2.4.2), 
cooxBcxcxByiomHe KpaxHo-MacnixaGnoMy anajinay, nopo>Kp;eHHOMy xenaop- 
HBiM npoH3Bep;eHHeM rjiap;KHx p;ocxaxoHHo Gnicxpo cxpcMHmnxcH k Hyjiio na 
OecKOHCHHocxH (jayHKpHH. ripH 3XOM, HpH p;oKa3axejiBcxBe xeopcMBi 2.4.2 6y- 
p;eM npHp;ep>KHBaxBCH xoro xce nop;xop;a, hxo b [3, n. 1.5.2] b cjiynae xeopcMBi 
JlHxxjiByp;a-n3JiH KpaxHBix p5ip;oB Oypne (cm. xaKHce [5]). y6ep;HMCH, hxo 
HM cex Mecxo 
JleMMa 2.1.1 

IlycxB BBinojiHCHBi ycjiOBHH npep;jio>KeHHH 1.2.2 h 1.2.4, cJayHKpHH 0 G 
C^(R), a xaKHce co6jHop;aioxcH ycjioBHH: 

1) p,jiH HeoxpnpaxejiBHOH cyMMHpyeMofi na R cJayHKpHH <l> homhmo bbi- 
HOJiHeHHH (1.2.19) HMeex Mecxo BKjiioHeHHe 

TX f ^{g)dg e Li{R+); (2.1.1) 

J ?7€lR:|»?|>T 

2) cymecxByex HeoxpHpaxejiBHan cyMMHpyeMan na R cJayHKpHH 
KOXOpOH HOHXH BCCX X G R BBIHOJIHHeXCH HepaBCHCXBO 

^{x) < [ ^'{x — u)du, (2-1.2) 

dx 7 ( 1 / 2)51 
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a (j3yHKii;HJi 

t X f ^'{rj)d'rj G Li(M+), (2.1.3) 

J riSS.-.\ri\>t 

H 1 < p < cxD. Tor^a cymecTByex KoncxaHTa Ci(0, 0, <l>, > 0 xaKaa, hxo 

npH jiioGom k G Z_|_ ^jih jiioGoro naGopa nnceji a = {a^ G {—1,1} : k = 
0,..., A;}, fljiH / G Ivp(M) cnpaBe^jiHBo HepaBencxBo 

k 

< ci||/|U^(R), (2.1.4) 

K=0 Lp(M.) 

H. B HaCXHOCXH, 

||-E'fc/||Lp(R) < ci||/||lj,(]r). (2.1.5) 

HanpHMep, ecjiH - MacnixaGnpyroipaH ({jyHKpHJi JJpGeum nopa^^Ka N 

(cm. n. 7.3 H3 [6] HJiH [7]), xo npn ^ocxaxoHHo GojiBninx iV G N napa 4)yHKn,HH 
0 = 0^, (j) = 0^ y^OBjiexBopjiex ycjiOBHHM jicmmbi 2.1.1. 

OxMCXHM XaKJKC, HXO flOKaSaxejIBCXBO JICMMBI 2.1.1 npOBO^HXCH no CXCMC, 
HcnojiB30BaHHOH B [14] npH flOKa3axejiBcxBe xeopcMBi 1 h3 xji. II (cm. xannce 
flOKa3axejiBCXBO ananomnnoro yxBepjK^^ennn b [5]). 

0I,oKa3axe jibcxBo. 

Cnanajia ycxanoBHM cnpaBe^jiHBocxB (2.1.4) npn 1 < p < 2. Hepa- 
BCHCXBO (2.1.4) p;ocxaxonHO nojiynnxB ({jyHKpHH /, npnnnMaiomHX bc- 
mecxBCHHBie 3HaneHHH. B cbmom p;ejie, ecjin (2.1.4) Bcpno BemecxBcn- 

H03HanHBIX 4)yHKHH /, xo K0MnjieKCH03HanH0H ({jyHKpHH / HMCCM 

k k 

K=0 Lp{M) K=0 Lp{M.) 

k k 

K,=0 K,=0 Lp{M.) 

k k 

< • (^«(3fJ/)) + • (£«(Im/)) 

K=0 Lp{M.) K.=0 Lp{M.) 

< Ci||3fJ/||Lp(R) + cill Im/||ip(R) < 2 ci||/||lp(r). 

Onpep;ejiHM npn k G Z+, a = G ( — 1,1} : k = 0,... , A;} oxoCpancenne 
T = Tk^rj : i^i(M) + L 2 {M.) I—)■ L(M), (rp;e Li(R), L 2 (M), L(M) - npocxpancxBa 
BemecxBCHHOBHanHBix 4)yHKn;HH), nojiaran p;jih / = /i + 02 : /i G Li(M), 02 G 
L 2 (M) BHanenne 

k k 

(r/)(x)= ^<T.(£i(/.))W + ^<T k{^kU 2 )){x) \ nonxH p;jin Bcex a; G M. 
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IlpOBepHM KOppeKTHOCTb Onpe^ejICHKH OToGpaJKeHHH T. Ecjih / = /l + 
/s = Fi + F 2 , r^e /i, Fi e Li(R), /s, F 2 G L2(M), to 

/i-Fi = F2-/2GLi(R)nL2(M) 

H npH K = 0,..., A; BBH^y aaMenaHKH nocjie (j3opMyjiHpoBKH npe^jiojKeHHH 

1.2.2 cnpaBe^jiHBo paBencTBo 

Sl{f,-F,)=S^^{F2-f2), 

H, 3HaHHT, 

k k 

- -Fi) = E 

HJIH 

k k k k 

-^a^SliFi) = '^(t^SI{F2) - ^a^^^(/2), 

K =0 «=0 K =0 K =0 

no9TOMy 

k k k k 

E +E = E + E 

«=0 K .=0 K .=0 K .=0 

H 

k k k k 

K =0 K .=0 K =0 K =0 

Otmothm, hto c noMoipBio (1.2.22) jierKo npoBepHXB, hto ecjin npn 1 < p < 2 
(JiyHKpHH / G Lp{R) npep;cTaBji5ieTCH b BHp;e / = /1 + / 2 , rp;e /i G Ei(R), /2 G 
L 2 (R), to npH K G Z+ cnpaBep;jiBo paBencTBo E^f = E\fi + E^/ 2 - HMea b 
BH p;y 3TO oGcTOHTejIBCTBO, He CJIOJKHO y6ep;HTbCH B TOM, HTO npH 1 < p < 2 
p;jiH / G Ep(R) HMeeT mccto paBencTBo 

k 

{Tf){^)= E-" fi{Sj!f){x) \ noHTH p;ji5i Bcex a; G R. 

K =0 

Tenepb b paccMaxpHBaeMOH cHTyapHH npoBepHM co6jiiop;eHHe ycjioBHH 
xeopeMBi 1.4.3. IIpH k G Z+,(T = G { — 1,1} : n = 0,..., A;} p;jiH / = 
/i + /2 e (Ei(R) + L 2 (R)),p = Pi + P 2 e (Ei(R) + L 2 (R)) hohth p;jisi Bcex 
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a; G M HMeeM 


l(^(/ + fi'))(2^)l — l(^(/i + f2 + 91 + g2)){x)\ — |(T(/i + 91 + f2 + g2)){x)\ 


+ c/2))(a 

K=0 K=0 

k k 

^ (/i)) (x) {S^ {gi )) (x) {Sl{f2 )) (x) {S^ (^ 2 )) (a:) 

K .=0 K =0 K .=0 K .=0 

k k k k 

'^a^{Sl{fi)){x)+'^a^{Sl{f2)){x)+'^a^{Sl{gi)){x)+'^(T^{S^{g2)){x) 


< 


K=0 

k 


K=0 

k 


K=0 

I k 


K=0 


Xl^«(^K(/i))(a^)+5^f^K(^«(/2))(a:) + ^ a^(£^(^i))(a;)+^ cT^(£2(c/2))(a:) 


K.=0 


K,=0 


I K=0 


K.=0 


= l(r/)WI + l(r9)WI. (2.1.6) 


T.e. BbinojiHJieTCH (1.4.8). 

/],ajiee, noKaaceM, hto npn k G Z+, a = {a^ G {—1,1} : k = 0,..., k}, 
fljiH / G L2(®) h a > 0 co6jiioflaeTCH HepaBencTBo 

mes{a; G M : \{T f){x)\ > a} < ((l/a)||/||L 2 (R))^- (2-1-7) 

B caMOM ^ejie, npn k G Z+,(T = {cTk G { — 1,1} : k = 0,...,/;;}, ^jih 
/ G Z2(M) h q; > 0 b BH^y (1.2.26), (1.2.32), (1.2.34) HMeeM 


\iT f)ix)\‘^dx = 

k 

E''-(««(/))( 




«=0 


K=0 


dx = 


dx 


k k 


^a^{U^{f)){x)] (^a^>{U^>{f)){x)]dx 

K=0 ' '^k'=0 ' 

I ^^(^KildM))ix)a^’{U^^{f)){x)dx 

a® K=o k'=o 

k k „ 

/ (pl^{f)){x){u^>{f)){x)dx 


K=0 k'=0 

E / i(M.(/))(9^)P* = Eii«».''iii.(«) ^ E ii«-/iiL(.) 

/in) 

kGTjj^ 


2 

L2(R)’ 


/c=0 


«=0 
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OTKy^a, KaK o6t.iHHo, nojiynaeM 


a^mesja; G M : |(T/)(a;)| > a} = / a^dx 

J {xm:\{Tf)(x)\>a} 

< [ \iTf){x)\^dx < [\{Tf){x)\^dx < 

J {xeM.:\(Tf){x)\>a} JR 

H, 3 HaHHT, BepHO (2.1.7). 

Tenepb ycxanoEHM, hto cyipecTByex KOHcxanxa Cq > 0 xaKaa, hxo npn 
k G Z+,(j = {(Tk G { — 1,1} ; K = 0,...,/c} ^jih / G Zi(M) h a > 0 
co6jiioflaexcH HepaBencxBo 


mes{a; G M : \{Tf){x)\ > a} < (Co/a)||/||LpR). (2.1.8) 

IlycxB k G Z+, a = {(Tk G {—1, 1} : k = 0,..., k}, f G Li{R) h a > 0. 
(JayHKpHH / H HHCJia a nocxpoHM saMKHyxoe MHOJKecxBo F, MHoaceoxBo 
W = M\F H ceMeficxBo HHxepBajioB {Qr, r G N}, ^jih KoxopBix coGjiio^aioxcH 
ycjioBHH (1.4.2) - (1.4.7) npn <7=1. 

Oiipe^ejiHM (JayHKpHH g G Zi(R) fl L 2 (M) h /i G Li(M), nojiaraa 


9{x) 


OO 

fix)xFix) + X](l/mesQ^) 

r=l 


'Qr 


f{y)dy )xQrix),x e 


^h = f - g. 

Ha (1.4.5), (1.4.4) c ynexoM xoro, hxo mes(lH \ (U^eN^r)) = 0 (h6o (1H\ 
(UrGPjQr)) C UreN(Qr \ Qr)), BBixexaex, Hxo noHXH fljiH Bcex a; G M HMeex 
Mecxo paBencxBo Xw{x) = J2’)^iXQri^)- HosxoMy nonxH ^jih Bcex a; G M 
nojiynaeM 


h{x) = f{x) - g{x) = fix)xFix) + fix)xwix) - gix) 

= f{x)xF{x) + /(a;) X( 3 ,(a;)") - ^(a;) 


r=l 


[ fiy)dy)xQrix) 

'Qr J 


f{^)^XQr{x)) — ^^(1/ mes Qr 

r=l r=l 

OO / /* \ OO 

= ^(f{x)-{l/xciesQr) / f{y)dy]xQr{x) = ^K{x), 

T=\ ^ J Qr / r=\ 


r^e hr{x) = yf{x) - (1/mesQ^) f{y)dyjxQr{x)- 
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y^HTbiBan (1.4.4), (1.4.5), HaocHOBannH (1-4.2) h (1-4.7) saKjiioHaeM, hto 
noHTH fljiH Bcex a; G M BBinojiHHexcH nepaBencTBo \g{x)\ < C 2 a, h 3 Koxoporo 
BBixexaex openKa 


L(R) = / \9{x)\‘^dx< / C 2 a\g{x)\dx 


= C2a 


< C2a 


f{x)xF{x)+ '^{l/mesQr)l / f{y)dy\xQr{x 


r=l 

oo 


'Qr 


fix)\xFix) + X](l/mesQ^ 


r=l 

oo 


'Qr 


dx 


f{y)dy\xQrix)dx 


C2ai / \f{x)\xF{x)dx + y/ (1/ mes Qr) 


r=l 


f{y)dy 


'Qr 


XQr{x)dx 


f{y)dy 


'Qr 


XQr{x)dx 


= C 2 ai / \f{x)\dx + y^(l/mesQ^) 
xJf 

<C2a(^j \f{x)\dx + Y^^{l/mesQr){^j \f{y)\dy^ mes Q. 
= C2a(^j \f{x)\dx + \f{x)\dx'^ 


= C 2 a \f{x)\dx = C 2 a \f{x)\dx = C2a\\f\\LXR)- (2.1.9) 

JFUiU^^^Qr) d* 

JXjis nojiyneHHH (2.1.8), cJaHKcnpyH MHOJKecxBO A C M : mes A = 0 h pjiH 
a; G M \ A B Bnpy (2.1.6) HMeex Mecxo HepaBencxBo 

\{Tf){x)\ = \{T{g + h)){x)\ < \{Tg){x)\ + \{Th){x)l 


BHpHM, HXO 

({a; G R : \{Tf){x)\ > a} \ A) C {a; G R : \{Tg){x)\ + \{Th){x)\ > a} 

C {a; G R : \{Tg){x)\ > a/2} U {a; G R ; \{Th){x)\ > a/2}, 

H, 3HaHHX, 

mes{a; G R ; \{Tf){x)\ > a} = mes({a; G R : \{Tf){x)\ > a} \ A) 

< mesja; G R : \{Tg){x)\ > a/2} + mes{a; G R : \{Th){x)\ > a/2}. (2.1.10) 

143 (2.1.7) H (2.1.9) BBIBOPHM 

mes{a; G R : \{Tg){x)\ > a/2} < ((2/a)||^|U2(R))^ = {‘d/a)^\\g\\l,(K) 

< (2/a)^C2a||/||LpR) = (c3/a)||/||LpR). (2.1.11) 
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on,eHKH BToporo cjiaraeMoro b npaBofi hbcth (2.1.10) HMeeM 


{x G M : \(Th){x)\ > q;/2} 

= {xeF: \{Th){x)\ > a/2} U {x e W : \{Th){x)\ > a/2}, 
a, cjie^oBaTejiBHo, 

mes{a; G R : \{Th){x)\ > a/2} 

= mes{a; G F : \{Th){x)\ > a/2} + mes{a; G W : \{Th){x)\ > a/2}. 

(2.1.12) 

Bxopoe cjiaraeMoe b npaBofi nacTH (2.1.12) b cHJiy (1.4.3) y^oBjicTBopaeT 

HepaBCHCTBy 

mes{a; G W : \{Th){x)\ > a/2} < mesW < (c 4 /a) f \f\dx = (c 4 /a)||/||Lp]R). 

Jr 

(2.1.13) 

C ^pyroH cTopoHBi 

mes{a; G F : \{Th){x)\ > a/2} < (2/a)||T/i||ii(F)- (2.1.14) 

npoBe^eHHH openKH npaBofi nacTH (2.1.14) onpe^ejiHM npn m G N 

4)yHKn;Hio paBencTBOM 

m 

r=l 

H saMBTHM, HTo BCJie^cTBHe (2.1.6) H c y^exoM npefljiojKeHHH 1.2.2 npn m G 
N noHXH ^jiH Bcex x E F cnpaBe^jiHBo HepaBencxBo 

m m 

\{Th){x)\ = |(r(J] A, + h'J)(x)\ < \(Th,)(x)\ + \{Th'J(x)\ 

r=l r=l 

m 

< E \(Thr){x)\ + ||(rfc:„)(')||i„,.,. (2.1.15) 

r=l 

IlpH r G N opeHHM CBepxy snaHeHHH \(Thr){x) \ ^jih x E F. 

JXjis 3X0X0 npH r G N npe^cxaBHM mhojkocxbo F b BH;];e o6x.e;];HHeHH5i 

F = ULezFr,L, 

nonapHo HenepeceKaiomHxcH hsmophmbix mhojkccxb 

Fr^, = {xEF :2-^ < p{x, Qr) < 2"^+^}, l E Z. (2.1.16) 
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IIpHHHMaji BO BHHMaHHe ( 1 . 2 . 22 ), npH r G M, t G Z noHTH ^jih Bcex 
X G cnpaBe^jiHBo nepaBencTBo 


\{Thr){x)\ = 


K,=0 




K,=0 


k 

SE 

k 


K=0 


a^iiE^ihr))ix)-iE^.^iHr))ix)) 

K k X p _ \ 

<‘^^\{E^{hr)){x)\ = 2 ^ ^ 2 ^x( hr{y)^{ 2 '^y - iy^)dyjX(j){ 2 '^x-iy, 

K=o K=o u^ez ^ 

k n ^ „ X 

= 2 ^ ^ 2 ^^ X ( / hr{y)^{ 2 '^y - i'K)dy \ x 0 ( 2 '"a; - v, 

/^=0 n ^ ^ 

k n / p \ 

= 2 ^^ lim 2 '^ X ( hr{y)^{ 2 '^y - iyi^)dyj x (j){ 2 '^x - u, 

K=0 I^K, = -n \JQr / 

k n / /■ \ 

= 2 lim V] 2 '" X ( / hr{y)^i 2 '^y - yK)dy] x 0 ( 2 '"a; - u, 

KJOr J 


«=0 'i'K=—n 
k n 


< 2 lim y^ y^ 2"^ X [ hr{y)^{2^y - u^)dy 

n^oo ^ ^ j^ 

/^=0 Un=—n 


X |0(2"a;-z/,)|. (2.1.17) 


IIpoBOflH opeHKy npaBOH nacTH ( 2 . 1 . 17 ), npn rGN, ^gZhAAcZ 
jiio 6 oe KOHeHHoe MHoacecTBo, noHXH ^jih Bcex x G HMeeM 


EE 2 ‘x 

K=0 I'k&M 


hr{y)(j){2'^y - iy^)dy 


'Qr 


X |0(2^a; - z/^)| 


y 2^^ X y / hr{y)^{2^y - Vn)dy 

K=0^...^k:K<L VK&Af 


X |0(2'"a; - z/«,)| 


y 2^^ X y / hr{y)^{2^y - p^)dy 
1^. \ r Qr 


X \cj){2^x - u ,)\. ( 2 . 1 . 18 ) 


/Ijih opeHKH npaBOH nacTH (2.1.18) saMOTHM, hto npn r G N BBinojinnexcn 
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paBeHCTBO 


/ hr{x)dx = / {f{x) - {1/mesQr) / f{y)dy)xQr{x)dx 

' Qr ^ Qr '' Qr 

= f {f{x)-{l/mesQr) f f{y)dy)dx 

J Qr Qr 


= / f{x)dx - {1/YaesQr)[ / fiy)dy\ / dx 

J Qj^ \i/ Qj^ / J Qj. 

= f f{x)dx- f f{y)dy = 0. (2.1.19) 

J Qt- j Qt- 

OHKCHpyji flJiH KaJK^oro r G N TOHKy i/r G Qr, npH r G N, k = 0,..., /c, G 
Z c ynexoM (2.1.19) bbibo;];hm 


hr{y)(l){2^y - uQdy 


'Qr 


hr{y){(l){2^y - uQ - (p{2^yr - i^Q) + hr{y)<j){2'^yr - vQdy 


'Qr 


/ hr{y){(i){2'^y - uQ - (p{2^yr - i^K))dy + 0(2'^?/^ - z^k) x / hr{y)dy 

' Qr J Qr 


hr{y){(t){2>^y - vQ - - '^K))dy 


'Qr 


< \hr{y)\ X \(f){2'^y - uQ - (f){2'^yr - i^Qldy. ( 2 . 1 . 20 ) 

J Qr 


/I,ajiee, npn r G N, zt = 0,..., /c, z/^ G Z, nojiBsyacB tbm, hto BCJie^cxBHe 

dx 


(2.1.2) 4)yHKn;HH ^ orpaHKHena na M (cm. bbibo^ (1.2.20) npn p = cx)), ^jih 
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y E Qr nojiynaeM 


\^{2'^y - v^) - ^{2^yr - ^k) \ = \^{‘2'^y - - ^{2'^yr - Vk)\ 

d ~ 

= J ■^{^{^^{yr + t{y-yr))-iyK))dt 

= 2 '^\y-yr\x [ ^{ 2 '^{yr + t{y-yr))-iy^)dt 

< 2'^\y ~yr\>^ ^ ~ ~ 

<2'^\y — yr\x ^ < 2''(diam(5r) J- = c^{^)2*^{dm'niQr). 

Loo(R) Loo(R) 

(2.1.21) 


Coe^HHHH (2.1.20) H (2.1.21), naxo^HM, hto npn r G N, k = 0,..., A;, z/^ G 

Z BbinojiHHeTCH HepaBencTBo 


hr{y)^{2^y - VK)dy 


< / c^2'^{dmmQr)\hr{y)\dy = c^2^{(im'mQr) / \hr{y)\dy. (2.1.22) 


HcnojiBsya nepaBencTBo (2.1.22) npn openKe nepBofi cyMMBi b npaBofi 
HacTH (2.1.18), nojiynaeM, hto npn r G N, z. G Z,A/' C Z : cardA/” < cxd, 
noHTH pjiH Bcex X G Fr^i codjiiopaeTCH nepaBencTBo 


^ 2^ X f hr{y)^{2'^y - u^)dy x |0(2'"a; - z/«,)| 

K= 0 ,...,k:K<L I^k-GA/* 

< 2" X C 52 '^{diamQr)( f \hr{y)\dy'\ 

K= 0 ,...,k:K<i, \JQt J 

X \(j){2'^x - iy^)\ 

= C 5 {dmmQr)(f \hr{y)\dy'\ x ^ 2^'^ x [0(2^3; - z/^)|. 

^ *5r / K= 0 ,...,k:K<L VkGM 

(2.1.23) 


Ha (1.2.24) H appHTHBHocTH HHxerpajia k&k (JiyHKpHH MHoxcecTB BBiTeKaex, 
Hxo npH K = 0,... ,k pjiH A/” C Z : cardA/” < oo, noHXH pjiH Bcex a; G M 
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cnpaBe^jiHBo nepaBencTBo 


5 ; W 2 -x-..«)|< 5 ; 2 -/' 


$(2'^(a; — u))du 


= 2" 




H!2«+(1/2)S1) 


< 2M <l>(2'^(a; - M))ciM = 2M <l>(t)2-^dt = ||$||li(r). (2.1.24) 

»/ M »/ M 

IIoflCTaBjiHH (2.1.24) B (2.1.23), saKjiioHaeM, hto npn r G N, t G 'L^M C 
Z : card A/” < 00 , noHTH ^jih bccx x G Bcpno nepaBCHCTBO 


Z 2' X / 

K=0,...,fc;K<t i^k-GA/* 


hr{y)(t){2^y - VK)dy 


X |0(2'"a; - z/«,)| 


< C 5 {diamQr)( f \hr{y)\dy'\ x ^ 2 ^''||<l> 

^“'*3’’ 3 K=0,...,k:K<L 

= ceidiamQr)i \hr{y)\dy\ x ^ 2 " 

V^Qr / n h-Lr<r, 


< Cj{diamQr 


K.= 0 ,...,k:K.<L 

\hr{y)\dy] x 2 ^‘'. ( 2 . 1 . 25 ) 


'Qr 


d],ajiee, saMCTHM, hto npn r G N b cHjiy ( 1 . 4 . 7 ) cnpaBe^jiHBo nepaBCHCTBo 


/ \hr{y)\dy= / 

' Qr ^ Qr 


(/(y) - (1/mesQ^) / f{z)dz)xQr{y) 

^ Qr 




'Qr 


f{y)-{l/mesQr) f{z)dz 

^ Qr 


< / l/(l/)Ml/+(l/mesQ^ 

^ Qr 


f{z)dz 


'Qr 


dy 


'Qr 


dy 


< / 1/(1/)My + / I/( 2 :)M 2 : = 2 / |/(|/)My < CsamesQ^. ( 2 . 1 . 26 ) 

v/ Q^ v/ Q^ J Q-p 

KpoMc Toro, Gjiaro^apn ( 1 . 4 . 6 ), npn r G N, ^jih y E Qr cnpaBe^jiHBo 
nepaBCHCTBo 

diamQr < cgp{y, F), ( 2 . 1 . 27 ) 
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a xaKJKe npn r G N ^jih x ^ F vi y E Qr coGjiio^aeTCH cooxHomeHHe 


p{x, Qr) = inf |a; — ? 7 | < |a; — y\ 

neQr 

< ( inf \x — ri\) + (diamQr) = p{x,Qr) + (diamQr) 

V^Qr 

< p{x, Qr) + cio inf p(? 7 , F) = p{x, Qr) + Cio inf inf \p - Q 

V&Qr V^Qr 

= p{x, Qr) + Cio inf inf Ip - ^| = pix, Qr) + Cio inf p(^, Qr) 

i&Fr)&Qr i&F 

<ciip{x,Qr). (2.1.28) 


ConocxaBjiHH (2.1.28) c (2.1.16), bhp;hm, nxo npn r G N, G Z x G 
Fr,i,y E Qr HMeex Mecxo cooxHomenne 

2“' < p{x, Qr) <\x-y\< Ciip{x, Qr) < Ci 22“' 


HJIH 

ci 32^ < lx - < 2\ (2.1.29) 

nop;cxaBji5i5i B nepaBencxBo (2.1.25) openKn (2.1.26), (2.1.27) n (2.1.29), 
npHxop;HM K BBiBop;y, nxo npn rGN,tGZ,A/'cZ: card A/” < cxd, nonxn p;jiH 
Bcex X E Fr^i BBinojiHJiexcn nepaBencxBo 


E 2-x E 


hr{y)4>{2'^y - vQdy 


'Qr 


X | 0 ( 2 '"x - fQ\ 


< Ci4(diani(5r)2^''Q; mesQr = Ci4Q;(diani(5r)2"^'^ / dy 


'Qr 


= Ci 4 a / (diani(5r)2"^'^(ip < ciso; / p{y,F)\x — y\ ^dy. (2.1.30) 


'Qr 


'Qr 


nepexop; 5 i k openKc Bxopon cyMMw b npaBon nacxn ( 2 . 1 . 18 ), paaodneM ee 
na p;Be nacxn, a, hmchho, npn rGN, ^gZhAAcZ: card A/” < oo, nonxn 
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flJIH Bcex X G Fr^i, Bt>IBO;];HM 


^ 2'" X ^ / hr{y)^{2'^y - iy^)dy x |0(2'"a; - z/«,)| 

K=0,...,k:K>L Vk&M 

= ^ 2'"x^ ^ f hr{y)^{2^y - i^n)dy x\(l){2^x-u^)\ 

K=0,...,k-.K>i ^UK,&X-.\x—2-''^Vi^\<{l/2)p{x,Qr) 

+ ^ j hr{y)^{2'^y - iy^)dy x |0(2'"a; - z/^) A 

l'K&J^'-\x — 2-'^UK\>{l/2)p(x,Qr) 

= ^ 2''x ^ f hr{y)^{2'^y - I2^)dy x\(l){2'^x-i2^)\ 

K=0,...,k:K>L u^eJV:\x-2-'^u^\<{l/2)pix,Qr) 

+ ^ 2'"x ^ f hr{y)^{2'^y - iy^)dy x\(j){2'^x-iy^)\. 

K=0,...,k:K>L Ui^Gj^:\x—2~'^i'K\>{i/‘i)pix,Qr) 

(2.1.31) 

Oii;eHHBaH nepByio cyMMy b npaBofi nacTH (2.1.31), npn r G N, t G Z h 
A/” C Z : cardA/” < oo, nonra ^jih Bcex x G Fr^^, b CHJiy (2.1.20), (2.1.21), 
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(1.2.20) npn p = oo, HMeeM 


K=0,...,k:K>L UK€J\f:\x—2-'<'i/K,\<(l/2)p{x,Qr) 


hr{y)4>{2'^y - Vn)dy 


'Qr 


x\(t){2'^x-v^)\ 


< Z 2* X 

K=0,...,k:K>i, i/i^eAf:\x—2-'^UK,\<{l/2)p{x,Qr) 

rl 


\hr{y)\ x2'" x\y-yr 


'Qr 


X 


'0 


d(j) 

du 


{2'^{yr + t{y-yr)) - u^) 


< E X ^ 

K=0,...,k:K>L UK,&Af:\x—2-'^i/K\<{l/2)p{x,Qr) 

^{2^{yr + t{y -yr)) - z/«) 


dtdy ) X \(j){2'"x - iy^)\ 

\hr{y)\ X (diamQr 


X 


du 


dtdy ) X 11011 


X E 


= Ci6(0)(diam(5r) X ^ 2^^ 

K=0,...,k:K>L UK,€j^:\x—2-'‘i/K\<{l/2)p{x,Qr) 

^^1 (i0 


\hr{y)\ 


'Qr 


X 


du 


{2'^{yr + t{y -yr)) - Vk) 


= cie{diamQr) x ^ 2^^ x ( 

K.=0 . k.:K'>i. ^ 


dtdy 

/ 

\hr{y)\ 


X 


E 

VK&Af-\x—2 '^i^^|<(l/2)p(x,Qr) 


K,=0,...,k:K.>L 

^i^'^iyr + t{y - yr)) - 


dtdy 


Y (2.1.32) 


J 


IIpHHHMaH BO BHHMaHHe, HTO npH r G N, K G Z+, Z/k G Z, flJIH y E Qr\ 
{yr} noHTH fljiH Bcex t G (0,1) BCJie^cxBHe (2.1.2) BBinojiHHexcH HepaBencxBo 
(cp. c (1.2.24)) 


dcj) 

du 


{2'^{yr + t{y-yr))-i2^) 


< 2^ 


<l> {2^{yr + t{y - yr) - z))dz, 


a xaKJKe saMenaH, hxo npn r G N, z. G Z, k = 0,..., /c : z. < k, ^jih x G Fr^^, y G 
Qr, t G (0,1), H G Z : lx - 2-‘^v^\ < (l/2)p(x, Qr), x G 2“^(z/«; + (1/2)5^), 
c ynexoM (2.1.16) cnpaBe^jiHBo HepaBencxBo 

\yr + t{y - yr) - z\ = \yr + t{y - yr) - x + x - 2“'^z/^ + 2“'^//^ - x| 

> \yr + t{y - yr) - x| - |x - 2"'"z/^| - \2~'^iz^ - z\ 

> inf |?7 - x| - (l/2)p(x, Qr) - 2“^'"+^) > p(x, Qr) - (l/2)p(x, Qr) - 2~d+‘^'> 

V&Qr 

= {l/2)p{x, Qr) - ( 1 / 4 ) 2 -^ > ( 1 / 2 ) 2 -^ - ( 1 / 4 ) 2 -^ = 2 -^- 2 , 
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saKjiioHaeM, hto npn rGN, tGZ, K = 0,...,A;:t<fi;,A/”cZ,: card A/” < oo, 

flJIH Bcex X G y E Qr\ {Vr} HMCCT MCCTO HepaBCHCTBO 



IIpHMeHHH (2.1.33) flJIH OPCHKH npaBOH HaCTH (2.1.32) H yHHTBIBaH (2.1.3), 
nojiynacM, hto npn rGN, ^gZhAAcZ: card A/” < oo, noHTH ^jih bccx 
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X G Fr^i cnpaBe^jiHBo nepaBencTBo 


^ 2^^x( \hriy)\ 

K=0,...,k:K>L \jQr 

X f' Z 


'0 


i'K&Af'-\x—2-''^Ui^\<{l/2)p{x,Qr) 

,2k 

Z 

k=0,...,/c:k>/- 

,2k 

Z 


‘^{2^{yr + t(|/ - l/r)) - Z^,.) 

du 


< 2"" X / |/i,(|/)| X 

J Qr J»7GR:|r)|>2'^“''“2 


^ 2"'^x(/ |/i,(|/)|d|/) X 

\jQr- / J»?gR;|»?|>2'^-^-2 

/ l^r(|/)Ml/) X ^ 2^^ X /" 

^ K=0,...,fc:K>t ^»?GR:|»?|>2—‘-2 


'Qr 


l^r(|/)Ml/) X ^ 


K=0,...,fc:K>z- 


/ 2^ X / 

'2'^+2«/ Jr7eR:|j?|>2«+l2-'—3 


< ( / |/lr(|/)Ml/ ) X ^ / S X / 

'Qr / K=0,...,fc:K>i''2«+2«/ J»?GR;|j?|>s2-‘-3 


dtdy 
^'{ri)dridy 
^'{ri)dri 
^'{ri)dri 

^'{ri)drids 
^'{ri)drids 
^'{ri)drids 


/ l^r(l/)Ml/ X / s X / 

'Qr / r'UK=0,...,fc;K>t(2"+2«/) J»?GR;|»?|>s2-‘--3 

< ( / l^r(|/)Ml/) X / s X /” ^'{ri)drids 

yjQr / r/2‘+l r/r?eR:|r?|>s2-‘-3 

f \hr{y)\dyj x f 2‘'~^^t x ( ^'{rj)dri2''^^dt 

'Qr J Jl/A J ri£R\\'q\>t 

\l\n2L 


= Ci 7($')2"‘X / |/lr(|/)Ml/ . (2.1.34) 


'Qr 


06i.eflHH5i5i (2.1.34) c (2.1.32), aaaxeM HcnojiBsya (2.1.26), (2.1.27), (2.1.29), 
xaK >Ke, KaK npn bbibo^b (2.1.30), naxo^HM, hxo npn rGN, ^gZhAAcZ: 
card A/” < cxD, noHxn ^jih bccx x G coGjno^aexcH HepaBCHcxBo 


E 2"x 

K=0,...,fc:K>t UK&J\f:\x—2-'^i/K,\<{l/2)p{x,Qr) 


hr{y)(f>{2'^y - u^)dy 


'Qr 


x\(j){2'^x-u^)\ 


<ci8(diamQr)2 X ( / \hr{y)\dy \ < ciga / p{y,F)\x-y\ ^dy. 

Qr / ^ Qr 

(2.1.35) 
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IlepeHfleM k opeHKe BTopofi cyMMbi b npaBofi hbcth (2.1.31). HcnojiBsyn 
(2.1.22), (1.2.24) H saMenaji, hto npn r G N, t G Z, k = 0,..., /c : t < k, ^jih 
X G e Z : jx- 2"'"z/«,| > (l/2)p(a;, Qr),z E 2"'"(z/«, + (1/2)5^), b BH^y 

(2.1.16) BBinojiHJieTCH nepaBencTBo 

\x — z\ = \x — 2“'^z/k + 2“''z/k — z\ >\x — 2“'^z/k| — \2~'^Uk — zj 
> (l/2)p(x, Qr) - (1/2)2“'^ > (1/2)2-^ - (l/2)2-(^+^) = 2“''-^ (2.1.36) 

c ynexoM (2.1.1) npHxo^HM k BBiBo^y, hto npn rGN, iGZjAAcZ: 
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card A/” < oo, noHXH ^jih bccx x G Fr^,, BbinojiHHeTCH nepaBencTBo 


i=0,...,k:K>L UK,eAf'-\x—2-'^UK\>(l/2)p{x,Qr) 


'Qr 


hr{y)(t){2>^y - yK)dy 

C52'^(diam(5 

C 5 (diam( 5 r) r f \hr{y)\dyj ^ 2‘^^x 

\JQr / „_n 


< E 2"x 

K=0,...,k:K>L UK,GAf'.\x—2~'^i/K,\>(l/2)p{x,Qr) 


'Qr 


x\(j){2'^x-u^)\ 


\hr{y)\dyjx\(j){2'^x-iy^ 


\(j){2^x-u^)\ 

K=0,...,k:K>L UK&Af'.\x—2~'^UK\>{i-/2)p(x,Qr) 


< 


C5{dicimQr)( f \hr{y)\dy'\ ^ 2^"^ 

^ ' K. = 0 . 


X ^ 2"^ / 

u^eM':\x-2-'^Ur,\>{l/2)pix,Qr) >^2-«(!/„+(1/2)B1) 


K.=0,...,k:K,>i 

^{2'^{x - z))dz 


C 5 {diamQr)( f \hr{y)\dy'\ ^ 2^"^ 

Qr / „_n 


X 


< 


C 5 {dicimQr)( f \hr{y)\dy'\ ^ 2^'^x 

^ f). k:K.'>l. 


K=0,...,k:K>L 

2^ ^ <|,(2'^(a; - x))(ix 


2^x$(2^(a;-x))dx 


K=0,...,fc:K>t ^zeR:|a;-z|>2- 


C5{dmmQr)( f \hr{y)\dy] V 2^" x / 2" x $(2"0(^e 


= C5 


?6R:|?|>2-‘-2 

{diamQr)( [ \hr{y)\dy) f 2^xd>{2^2-^y)2-^dy 

^''Qr / K=0,...,k:K>L -'r;eIR:|r?|>2« 

{dmmQr)( f \hr{y)\dy'\ ^ 2^"^ x 


= C5 




'r?€R:|r?|>2'^+i2-''-3 


^{ri)dri 


\hr{y)\dy\ Y1 

' K=0,...,k:K>L' 


= C5(diam(5r 

Qr 

< C5{dicimQr)(^j \hr{y)\dy'^ ^ 

= C5{dicimQr)(^j \hr{y)\dy 

< c^^dmmQ 
= C5(diam(5r) 


2^x 


2K+2«/ Jr7eIR:|r?|>2«+l2-‘-3 


^{rj)drids 


s X 


3 «=0,...,fc:«>.32'^+2'^/ 7 ^GR:|^|>s2- 


^{rj)drids 


i sx ^{r])dr]ds 

U«=0,...,fc:^>d2'‘+2'"/) ir?eR:|r?|>s2-‘-3 


'Q 


\hr{y)\dy 
\hr{y)\dy 


/ s X / ^{rj)d'rjds 

/2''+l y»7GR:|»7|>s2“''“3 


'Qr 


2''+^r X 


^{rj)d'rj2‘'^‘^dT 


3384 


’ ?7GR:|77|>r 


= C2o(diam(5r)2 M / |/ir(|/)|(i|/ / rx 


'Qr 


^{rj)dridT 


'1/4 r'r7eR:|r?|>T 



npHMeHHH (2.1.26), (2.1.27), (2.1.29) xax ace, Kax npn BbiBo^e (2.1.30) 
HjiH (2.1.35), H3 (2.1.37) nojiynaeM, hto npn rGN, ^gZhAAcZ: cardA/” < 
oo , noHTH fljiH Bcex X G cnpaBe^jiHBo nepaBencTBo 


2"x 

K=0,...,k:K>L i'K&J\f'-\x—2~'‘i/K,\>{l/2)p{x,Qr) 


hr{y)(t>{2'^y - iy^)dy 


'Qr 


x\(t){2'^x-u^)\ 


< C 22 a / p{y,F)\x - y\ ‘^dy, 
J Qf 

KOTopoe B coe^HHeHHH c (2.1.35) h (2.1.31) ^aex openKy 


^ 2'" X ^ / hr{y)^{2'^y - iy^)dy 

K=0,...,k:K>L i>k,&N *5’" 


X I0(2'"a; - v^)\ 


<C 23 a p{y,F)\x-y\ dy (2.1.38) 


'Qr 


noHXH pjiH Bcex x G Fr^i,,r G N, t G Z,A/’ C Z : cardA/” < cxd. Ha (2.1.18), 
(2.1.30), (2.1.38) BBixexaex, hxo cyipecxByex KOHcxanxa 024(0, 0, $, $') > 0 
xaxaH, Hxo npn rGN, tGZ,A/'cZ: cardA/” < cxd noHXH pjiH Bcex x G Fj.^^ 

HMCeX MCCXO HCpaBCHCXBO 


E E 2“x 

/c=0 


hr{y)(t){2'^y - VK)dy 


'Qr 


X |0(2'^a; - z/^)| 

< C 24 a / p{y,F)\x-y\~‘^dy, 


'Qr 


a, cjiepoBaxejiBHO, npn r G N, noHXH pjiH Bcex x E F npn jik)6om n G Z_|_ 
CnpaBCpjIHBO HCpaBCHCXBO 


k n 


EE 2' 

K=0 VK=—n 


X 


hr{y)(t){2>^y - Vn)dy 


'Qr 


X I0(2''a; - v^)\ 


< C 24 tt / p{y,F)\x-y\ ^dy. (2.1.39) 


'Qr 


npHHCM, B KajKpoH xoHKc X E F jicBaH HacxB (2.1.39) npcpcxaBjiHcx co6oh 
MOH oxoHHo Bospacxaioipyio nocjicpoBaxcjiBHocxB. HooxoMy, ncpcxopa k npc- 
pcjiy npH n —)■ cxD B HcpaBCHcxBc (2.1.39) h yHHXBiBaH (2.1.17), npHxopHM k 
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HepaBeHCTBy 


\{Thr){x)\ < C25Q; / p{y,F)\x — y\ "^dy, nonra ^jih Bcexx G F,r G N. 

J Qr 

(2.1.40) 

Coe^HHHH (2.1.15) H (2.1.40), c ynexoM (1.4.4), (1.4.5) naxo^HM, hto no- 
HTH Bcex X E F npn jiio6om m G N BBinojiHHexcH HepaBencxBO 


\{Th){x)\<'^C 25 a p{y,F)\x-y\ ^dy + \\{Th'J\\L, 

jQr 


r=l 

= C25O' 


''JTllQr 


p{y,F)\x-y\ dy+\\{Th'J\\L, 


<C 25 a p{y,F)\x-y\ ^dy+\\{Th'J\\L^(u). (2.1.41) 


>w 


IIpHHHMaH BO BHHMaHHe, Hxo npH m G N B cHJiy openoK (1.2.23) h 
( 2.1.26), ycjioBHH (1-4.4) h BKjiioHeHHH / G i^i(M) HMeex Mecxo cooxHomeHne 


IKrOlli^d.) 




mJ \\F>oo) 


/^=0 

k 


K=0 


- X](ll-^K(^m)llLoo(R) + l|-^K-l(^m)IUoo(IR)) 

k 

< ^C262''||/i(„||lPr) < C272^||/i(„||li(r) 

K=0 

00 00 

= C272^|| ^ ^rllLi(R) < C272^ ^ ||/ir||Li(R) 

r'=m+l r=m+l 

00 n 00 rt 

C272^ Z / l^r(l/)Ml/ = C272^ ^ / |/ir(l/)Ml/ 

r=m+l 

c« « 

< C 272 ^ y] 2 / |/(7/)|c/|/0 npH 

_, 1 ./q. 




m ^ OC, 


r=m+l 

H3 (2.1.41) cjiepyex, hxo noHxn pjiH Bcex x E F coGjiiopaexcH HepaBencxBo 


\{Th{x)\<C 2 ^a j p{y,F)\x-y\ dy. 
Jw 
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OTcio;];a, npHMeHHH (1.4.1), (1.4.3), npHxo^HM k HepaBencTBy 

ll^^lki(F) = [ \{Th){x)\dx< [ C 25 a [ p{y, F)\x - y\~‘^dydx 
Jf Jf Jw 

= C25a / / p{y, F)\x — y\~‘^dydx < C2QOim.es{K\F) 

JF Jw 

= C 26 amesW < C27 [\f{x)\dx = C27\\f\\LpR)- (2.1.42) 
Jr 

IIoflCTaBjiHH (2.1.42) B (2.1.14), bbibo^hm nepaBencTBo 

mes{a; G F : \{Th){x)\ > a/2} < (c 28 /q;)||/|Ui(r), 

KOTopoe B coe^HHeHHH c (2.1.12), (2.1.13) ^aex openKy 

mes{a; G M : \{Th){x)\ > a/2} < (c 29 /a)||/||LpR). (2.1.43) 

06x.epHH5iJi (2.1.10), (2.1.11) h (2.1.43), npnxopHM k (2.1.8). ConocxaB- 
jiHH (2.1.6) - (2.1.8) c (1.4.8) - (1.4.10), saKjiioHaeM, hxo cyipecxByex koh- 
cxanxa C3o(0,0, $, 4>',p) > 0 xaKaa, hxo npn jiioGbix k G Z+,(T = {a^ G 
{ — 1,1} : K, = 0,...,/c},l < p < 2 pjiH BerpecxBeHHOsnaHHOH / G Lp{R) 
corjiacHo (1.4.11) Bepno HepaBencxBo 

\\Tf\\Lp{R) < C 3 o||/||Lp(R), 

H3 Koxoporo c ynexoM saMenaHKH nepep bbibopom (2.1.6) cjiepyex (2.1.4) npn 
1 < p < 2 pjiH KOMnjieKCHosnaHHBix 4)yHKn;HH / G Lp(R). CnpaBepjiHBocxB 
(2.1.4) npH p = 2 ycxaHOBjiena npn BBiBope (2.1.7). 

B HacxHocxH, npn k G Z+ pjiH / G Lp(M),l < p < 2, b BHpy (1.1.1), 
(2.1.4) HMeeM 

k 

ll-^fc/IUpW = II X](^k/)IUp(R) < Ci\\f\\Lp{R), 

K=0 

Hxo coBnapaex c (2.1.5). 

TenepB npoBepHM coGjiiopeHne (2.1.4) npn 2 < p < cxd. YHHXBiBaji cxa- 
saHHoe, paccMoxpHM npn k G Z+, 2 < p < cx),p' = p/(p — 1) G (1, 2), nenpe- 
pBiBHBiH jiHHeHHBiH onepaxop Ef. = Ek ■. Lpi{M.) i—)■ Zp/(M) h conpjiJKeHHBiH 
K HeMy HenpepBiBHBiH jiHHefiHBm onepaxop {E/. )* : (Lpi)* = Zp(R) i—)■ /p(R), 
KoxopniH oGjiapaex xeM cbohcxbom, nxo pjin / G Lp(R),p G Zp/(R) bbihoji- 
nnexcn paBencxBO 

[ {{El'Tf) ■gdx= j / ■ {El'g)dx. 
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ConocxaBjiHH 3 to paBencTBo c (1.2.27), bh^hm, hto f,g E (^“(R) co- 
Gjiio^aeTCH paBencTBo 

/ (Elf) ■gdx= [ f ■ El'gdx = / 7 ■ {E{g)dx 

*/ M M M 

= [iiEl')*J)-gdx= [ {{El'yj) ■ gdx, 

»/ M */ M 

H3 KOToporo cjie^yeT, hto noHXH ^jih Bcex a; G R cnpaBe^jiHBo paBencxBo 

(sp)(x) = {So(Et)‘{Sf)){x),f€ C„“(K),*: e Z+,2 <p < oo, (2.1.44) 

r^e oxoGpaaceHHe S : Lp{M.) 3f^Sf = fE Lp(R), jiBjiHexcH HSOMexpHefi 
Lp(R) Ha ceGn. Tenepn npn k G Z+,2 < p < oo ^jih / G Lp(R) BBiGepeM 
nocjie^oBaxejiBHocxB {/„ G C^(R),n G N}, cxo^amyiocH k / b Lp(R). To- 
r^a, yHHXBiBaH cKasannoe, nocjie^oBaxejiBHocxB {S o (E^. )*{Sfn), n G N} 
cxo;];hxc5i k o [El )*{Sf)) b Lp(R), h, 6jiaroflapH, (2.1.44), (1.2.23), no- 
cjie^oBaxejiBHocxB {{Elfn) = [S o [El )*(S'/„)),n G N} cxo;];hxch k [Elf) b 
L oo(R), ’^xo Bjienex paBencxBo (2.1.44) ^jih / G Lp(R). 

IIpHHHMaH BO BHHMaHHe, HXO HpH k G Z+, (T = {(Tk G { — 1,1} : K = 
0,..., k}, 2 < p < oo,p' = p/[p — 1) G (1, 2), B cHjiy (2.1.44) cnpaBe^jiHBo 
paBeHcxBo 

k X k X ^ 

a, 3HaHHT, 

/ ^ \ / ^ \ * 

Vk= 0 ^ B(Lp(R),Lp(R)) v^=0 '' B(Lp(IR),Lp(IR)) 

= (E-.'^:')’ = (E-.'^J') 

Vk= 0 / B(Lp(R),Lp(R)) V^=0 / B(V(R),V(R)) 

Oxcio^a, yHHXBiBaH BBinojiHeHHe (2.1.4) npn p' bmccxo p, saKjiioHaeM, hxo 
( 2.1.4) coGjHo^aexcH npn 2 < p < oo, h, b HacxHocxH, BBinojiHsexcH (2.1.5). 
□ 

HcnojiBsya xexHHKy npoBe^eHHH openoK, npHMeHHBmyiocH npn poxasa- 
xejiBcxBe xeopeMBi 11.1.1 hs [7] (cm. xaxjKe poxasaxejiBcxBo xeopeMBi 1 h 3 
[15] H xeopeMBi 9 h 3 [16, rji. 7]) mojkho noKa3axB, hxo HMeex Mecxo 
JleMMa 2.1.2 
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IlycTb BbinojiHeHM ycjioBHH npe^jiojKeHHH 1.2.4 h nycxB cyipecTByex nex- 
Haa orpaHHHeHHaH yOBiBaroipaH na [ 0 , cxd) (JiyHKpHH p, y^oBjiexBopHiomaH 
yCJIOBHIO 

p(a;) ln(l + x) G Li([0, cxd)), (2.1.45) 

H xaKaH, Hxo 

|0(a;)|, \^{x)\ < n{x) 

fljiH Bcex a; G M. Tor^a npn 1 < p < cxd cyipecxByex KOHcxanxa C 31 (0, 0, p, p) > 
0 xaKaH, Hxo npn jiioGom k G jiioGoro naGopa nnceji a = {a^ G 

{ — l,l}:fi; = 0,. f G Lp{R) cnpaBep;jiHBo HepaBencxBo 

k 

< C3i||/|U^(R). (2.1.46) 

K=0 Xp(R) 

OxMexHM, Hxo co 6 jiiop;eHHe ycjioBHfi jieMMBi 2.1.1 ne Bjienex co 6 jiK)p;eHHe 
Bcex ycjioBHH jieMMBi 2.1.2, x.e. jieMMa 2.1.1 ne HBjiHexcH cjiep;cxBHeM jibmmbi 

2 . 1 . 2 . 

,n,ji5i p;oKa3axejiBcxBa jibmmbi 2.1.2 ncnojiBsyioxcH BcnoMoraxejiBHBie yxBep- 
>Kp;eHHH, HaCXB HS KOXOpBIX BSHXa 6e3 H3MeHeHHH H3 [7], a HaCXB HBJIHeXCH 
ecxecxBeHHOH Mop;H4)HKan;HeH cooxBexcxByiomHx yxBep>Kp;eHHH h3 [7]. 

JieMMa 2.1.3 

IlycxB fi - HexHaa orpaHH^eHnaH cyMMHpyeMaa h y 6 BiBaioin;aH na [0, cxd) 
(JayHKpHH. Torp;a a; G M BBinojinnexcH HepaBencxBo 


^/i(a; - z/) < 2 /i( 0 ) + 


p,(t)dt, 


(2.1.47) 


H cyipecxByex KOHcxanxa c^2{p) > 0 xaxan, hxo a;, p G M Bepno nepaBen- 
CXBO 

^/i(a; - iy)p{y - u) < C 32 Pi\x - y\/2). (2.1.48) 

/],OKa3axe jiBcxBo. 

IIocKOJiBKy a; G M mojkho npep;cxaBHXB b BHp;e x = ^ + p, rp;e ^ E Z,p E 
[0,1), xo (2.1.46) p;ocxaxoHHO p;oaKa3axB npn x E [0,1), hxo mbi h npep;no- 
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jiaraeM. Tor^a, y^HTbiBaa cBoficTBa fj,, HMeeM 


^{x — v) = fi{x) + jj,(x — 1) + fi{x — z/) + /i(a; — z/) 

uGZ U =—1 V =2 

— OO OO pjy 

< 2/i(0) + / jj,{x — u)du + / /i(a; — M)(i' 

,.=-1 ,.=2 

/ O poo 

^{x — u)du + / ^{x — u)du 


< 2/i(0) + / /j,{x — u)du = 2/i(0) + / ^(t)dt. 


JXjis nojiyHeHHH (2.1.48) aaMexHM, hto ^jih x,?/ G M, z/ G Z coGjiio^aeTCH 
HepaBencTBo 

\x — y\ = \x — u — {y — u)\ < \x — ul + \ — {y — 1^)1 = \x — ul + \y — ul, 

H, cjieflOBaxejiBHo, jih6o |a;—z/| > |a;— 1 /|/ 2 , jihGo ||/—z/| > \x—y\/2. YHHXBiBaH 
3X0 o6cxo5ixejiBcxBo, cBOHCxBa 4)yHKn;HH fi H (2.1.47), nojiynaeM 


'^yix -u)y{y -u) = y{\x - u\)y{\y - u\) 

uGZ uGZ 

Y 1 f^i\x-^\)K\y-^\)+ Y 1 yi\x-^\)yi\y-^\) 

i'GZ:\x—v'\>\x—y\/2 v'GZ:\x—i'\<\x—y\/2 

: /i(|a;-z/|)/i(||/-z/|)+ y{\x-u\)y{\y-u\) 

i'GZ:\x—v'\>\x—y\/2 v'GZ:\y—v'\>\x—y\/2 


< Y yi\x-y\/^)yi\y-^\)+ Y yi\^-^\)yi\^-y\/^) 
= yi\x -y\/ 2 )i Y yiy-i^)+ Y 

< yi\x- 1/1/2) {Yy^y+ - c32/i(k-1/1/2).□ 


Cjie^cxBHe 2.1.4 

IlycxB (JiyHKpHH y y^oBjiexBopHex ycjiOBHHM jieMMBi 2.1.3 h ^jih cJiyHKpHH 
0, (f) noHXH yjis Bcex a; G M BBinojiHJiexcH HepaBencxBo 

\(p{x)\,\^{x)\ < y{x). (2.1.49) 
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Tor^a npH 1 < p < cxd onepaxop onpep;eji5ieML.iH paBencTBOM 


(EJ)(x) :=5^2“.(/ 

uez 


f{y)(j){2^y - v)dy)(t){2^x - u) 


= / /(l/)5^2^-0(2^a;-z/)0(2'^p-z/)dp, 
uez 

noHTH p;ji5i Bcex a; G M, / G Lp{R), I < p < oo, (2.1.50) 
HBjiHeTCH HenpepBiBHBiM onepaxopoM h3 Lp{M.) b Lp(M), npaneM, 

||-Sk|U(Lp(R),Lp(R)) < C 33(p,p). (2.1.51) 


IIpH 3XOM, ecjiH |0(a:)| < fi{x) p;jih Bcex a; G M, xo paBencxBo (2.1.50) HMeex 
Mecxo Bcex a; G M. 

/loKaaaxe jiBcxBo. 

IlycxB 

|0(2^a;-z/)| <y{2^x-p) 

Bcex z/ G Z. Torp;a no jieMMe 2.1.3 nacxnnnwe cyMMW p5ip;a 


^|0(2''a;-z/)0(2«l/-z/)| 

nonxH p;ji5i Bcex y MaJKopnpyioxcn (JayHKpnen c(/i)p(2'^“^(a; — y)), Koxopan 
KaK (JayHKpnn ox apryMenxa y npHHap;jie>KHX Lp/(M) npn jiioGom 1 < p' < 
oo. Snannx b cnjiy nepaBencxBa rejibp;epa n xeopeMBi JleGera HMeex Mecxo 
paBencxBo (2.150) n 6jiarop;apH nepaBencxBy rejiBp;epa n xeopeMe OyOnnH 
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BbinojiHHeTCH HepaBencTBo 


= c 


i^./llMR) < C||2" / \f{yM2^-\--y))dy 

2 " [ \f{--y)H2^-^y)dy 

Jr 

= c2^1 / [ \f{x -y)\y{2^~h)dy 

\*/ M »/ M 

/ r\ r 

= c2 

< c2 

= c2^ 


V \ i/p 

da; I 


|/(a: - y)\(^i(2'‘-^y))^l<‘(^(2■'-'y))^l<‘'dy 


P \ 1/P 


|/(a;-|/)|X2^ ^y)dy 
\ i/p' 

\ i/p' 


dxj 

\ i/p' \ i/p 
y{2'^~^y)dy] dxj 

\f{x - y)\Py{2''^-^y)dyj dx^ 

\ i/p 


= c2^(/' /^(2'' \)dy) ■( f j \f{x-y)\Py{2^ ^y)dxdy\ 

\«/M / \«/M «/M / 

= c2^(/ y{2^-^y)dyj ■ y{2^-^y)(^J \f{x-y)\Pdx^dyj 

= i/(a^)rc?a;^ = ii/iUp(r)- 


By^eM paccMaxpHBaxB HHxepBajiBi: 

Qk,u •= (2 ^z/ + 2 ^/), K, z/ G Z, 


H oxpesKH: 

•= (2 '^z/+ 2 zt, z/G Z. 

JleMMa 2.1.5 

IlycxB (JayHKpHH y y^oBjiexBopjiex ycjiOBHHM jieMMBi 2.1.2 h yjis cjayHKpHH 
<p,(f) yjis Bcex a; G M BBinojiHHexcH HepaBencxBo (2.1.49). Tor^a cyipecxByex 
KOHCxanxa Cs 4 {y) > 0 xaKaa, hxo npn zt, z/ G Z yjis f G Zi(M) : supp / C 
Qi^^, yjis a; G M : |a; — 2“'^z/| > 22“'^ cnpaBe^jiHBo HepaBencxBo 


EE^'f / \f{y)\-W'‘y 

K>K I/GZ 


v)\dy]\(t){2^x 


^)l 


<C34||/||LpR)2"7((2"a;-z/)/4), 


(2.1.52) 
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r^e jIx) - 4)yHKn;HH, onpe^ejiJieMaH paBencTBOM 

j(x) := ^2^ju(2^x),x e R, 

K>0 

HBjiHeTCH HexHOH, yObiBaeT na [0, cxd), cyMMnpyeMa h orpaHKHena na Kaac^^oM 
HHxepBajie ( 
delta, oo), 5 > 0. 

/],oKa3axe jiBcxBo. 

YHHXBiBaH (2.1.49), (2.1.48), na ocHOBannH xeopeMBi JleGera o npe^ejiB- 
HOM nepexo^e no^ snaKOM HHxerpajia npn a; G R HMeeM 




- ^)i 

= ^2^ ■ / \f{y)\■ - ^)l ■ I0(2''a; - u)\dy 

K>K JQk,v 

<^ 2 ''- f \f{y)\-^y{2^y-iy)-y{2''^x-u)dy 




'Q. 


V&, 


<C32 5^2"-/' \f{y)\-y{T\x-y\l2)dy. (2.1.53) 

K>K JQk,,v 

IIpHHHMaH BO BHHMaHHe, Hxo x G R : \x — 2“'^z/| > 22~'^,y G Qk,u 
coGjno^aexcH HepaBencxBo 

\x-y\ = \x- 2-^z/ + 2-'^u -y\>\x- 2-V| - 12"^ - y\ 

>\x- 2-'^u\ - 2-^ >\x- 2-^v\ - \x- 2-^v\l2 =\x- 2"'^z/|/2, 

H yHHXBiBaa mohoxohhocxb h hoxhooxb p, bbibo^hm 
\f{y)\-y{2^\x-y\/2)dy 

K>K ''Qk,!^ 


< 


5^2-2"./' |/(j/)|.M212“i-i^|/4)% 

'^Qk,v 


«:>0 


^2-5;2“.M2“|2“i-H/4)- f \f(v)\dy 

K>0 •tQK,,v 

2“(5^2“.M2“(2-i-0/4)) ■ f \f(v)\dy 

= 2^.((2“i-0/4)-||/IIl.(i<). (2.1.54) 


'K>0 
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Coe^HHHH ( 2 . 1 . 53 ) H ( 2 . 1 . 54 ), npnxo^^HM k ( 2 . 1 . 52 ). 

OcxajIOCb npOBepHTb CBOfiCTBa (JiyHKpHH 7. HeXHOCTB H MOHOXOHHOCXB 
(JiyHKpHH 7 BBIXeKaiOX H 3 COOXBeXCXByroipHX CBOHCXB (JiyHKpHH p. riyCXB 

X > S. Ha MOHoxoHHocxH fi cjie 7 ;yex 


K>0 



< 


2 / n{tx)dt = 2 

,.>0 



^(tx)dt = ( 2 /a;) 



< (l/a;)||p||LpR) < (l/(5)||/i||LpiR). 


TenepB HcnojiBsya npe^Bi^yipee HepaBencxBo h ( 2 . 1 . 45 ), cHHxaa <5 < 0 , 
HMeeM 


/ '-){x)dx < / ( 2 /a;) / fi{t)dtdx 

's Js Jx/2 

i*00 POO POO POO 

= 2 / ( 1 /a;) / iJ,{t)dtdx <2 / (1 + 2 /( 5 )(l/(a; + 1 )) / fj,{t)dtdx 

Jsi2 Jx Jsi2 Jx 

POO POO POO pt 


< c( 5 ) / ( 1 /( 0 :+ 1 )) / = c( 5 ) 


'0 


/ (l/(a; + l))/i(t)(ia;(it 
./o ao 

/ OO 

ln(t + l)/i(t)(it.n 


/Ijih (JayHKpHH / : R I—)■ C 6y7;eM oGoaHanaxB 


Cjie 7 ;cxBHe 2 . 1.6 

B ycjioBHHx jieMMBi 2 . 1.2 cyipecxByex KOHcxanxa > 0 xaKaa, hxo 

npH J 11060 M k E N jiioGoro naGopa hhcbji a = {a^ E {— 1 , 1 } : k, = 
1 ,..., k}, flJiH / E Zi(R) n Z 2 (R), k, u E Tj ¥l X E ^ : \x — 2 “''z/| > 22 “'^, 
cnpaBe^jiHBo HepaBencxBo 

<C 35 ||r’ 1 |L 7 R) 2 " 7 (( 2 "a;-z/)/ 4 ). 

(2.1.55) 

/{oKasaxe jiBcxBo. 

HpejK^e Bcero, saMenaH, hxo b cHJiy (1.2.26), (1.2.30) npn k,k,u E Z 
7;ji5i / G Zi(R) n Z 2 (R) HMeiox Mecxo paBencxBa 




[X 




0 , npHfi; < K] 

Si^f'^’'',npvLK > K, 
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fljiH x G M : |a; — 2 '^z/| > 22 bbibo^hm 


k 

^<T,£'«(r'"'-i!,r' 


ix 


Y, 'yjf.rnix} 

K=1 ^ ^ K=l,...,k:K>K 

< Y i‘"«i ■ i(£«/"’'')wi = Y liE.rni.^) - (E.-irnix)] 

K.=l^...,k:K,>K, K=l,...,fc:K>K 

< E (l(£^»/")WI + l(£^«-i/")WI) < 2 E l(25-/“’'')WI 


«=l,...,fc:K>K 

< 


«=1. k:K.>K. 


2EE2*f f r-'’(y)-4>{2'y-‘')dy)4‘(2''x-v) 

K>K V&. ^ 

: 2^^2''r [ ir^'^iy) ■ ^{2'^y - u)\dy]\(j){2^x - u)\ 

K>K V&Z ' 

2EE [ \r’^{y)\-m^y-u)\dy)\<P{2^x-u)\. (2.1.56) 




Coe^HHHH (2.1.56) c (2.1.52), npnxo^^HM k (2.1.55) ^jih a; G M : |a; — 
2"''z/| > 22"'".□ 


JleMMa 2.1.7 

IlycTB BBinojiHeHBi ycjioBHH jieMMBi 2 . 1 . 2 . Tor^a cymecTByex KoncxaHTa 
cseiy ) > 0 xaKaH, hxo npn jiio6om k E N ^jih jiioGoro naGopa hhcbji a = 
{ a ^ G { — 1 , 1 } : K = 1 , ..., k }, ^jih / G i^i(M) fl ^2(1 ^), k G Z cnpaBe^jiHBO 
HepaBencxBo 


k 

K,= \ 


< C362'"||/||ipK)- 

Loo(I^) 


(2.1.57) 


/],OKa3axe jiBcxBo. 

IIpHHHMaji BO BHHMaHHe, Hxo B cHJiy (1.2.26), (1.2.30) fljiH / G Zi(M) fl 
L2(M) npH K,K E Tj coGjiio^aioxcH paBencxBa 


S.{EJ) 


0, npHK > K] 
SJ', npVLK < K, 
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c ynexoM (2.1.47) ^jih a; G M HMeeM 




K,= l 


[x] 


K=l,...,fc:K<K 

< = Y \iEJ)ix)-{E^-if){x)\ 

K.=l,...,k:K.<K. K,= l,...,k:K,<K, 

<2. ^ \(EJ)(x)\<2- J2 \(EJ)(^)\ 


K.=0,...,k:K.<K. 


k.GX:k.<k. 


c 2 ■ Y - ^)^y) 

KeZ:K<K u& ' 

<‘^Y^‘^''( [ ~ 1^^) \(j){2^x - v) I 

K<K !/GZ ^ 

= 25 : 5 : 2"( / |/(l/)|-10(2^1/-z/)Ml/)|0(2"a;-z/)| 

K<K I/GZ ^ 

<2Y‘^'^J2( f ■ ll<^IU-(R)C^l/)l0(2^a;-z/)| 

,,^■7 V>'K / 

■IUoo(M)5^/^(2^a;-z/) 


z/EZ 

<2^2 

K<K 


Li(M) 


v£7j 


< C 37 ||/||li(R) ^ 2 ^" < C 362 ''||/||l^(]r), 


K<K 


HTo BjieHex (2.1.57). □ 

JleMMa 2.1.8 

Ilycxb co6jiioflaioxcH ycjiOBHH jieMMBi 2.1.2, k, z/ G Z h / G Li(M) : 
supp f C Qi^^. Tor^a npn a; G M HMeex Mecxo HepaBencxBo 

\{EJ){x)\ < 21|/|U,(m) • P{2^x - u), (2.1.58) 

r^e I3{x) - HexHaa cyMMnpyeMaH yGBiBaiomaH na [0, cxd) cJayHKpHH, oGjia- 
flaiomaH xeM cbohcxbom, hxo npn I G Z+,a; G M : |a;| > 1. BBinojiHHexcH 
HepaBencxBo 

0(2'a;) < 2^-'0(a;). (2.1.59) 

/loKasaxe jiBcxBo. 


50 



B BH^y (2.1.52) npn a; G M : |2'^a; — > 2, HMeeM 


l(^./)(^)l = 


[ /(l/)0(2^1/ - J^)dy)(t){Tx - v) 

v& ' 


< 


i/€Z 


5^2^ / \f{y) ■^{2'^y - v)\dym{2'^x - v)\ 




5^2^ / \f\y)\-\~^{2^y-u)\dy]\(t>2^x-u)\ 


< C34 ||/|| Lp ] R ) 2 '^ 7 (( 2 '^ a ; 

H KaK RM ,n Ho H3 7;oKa3aTejibCTBa (2.1.57) , npn a; G M : |2''a; 
BBinojiHHexcH HepaBencTBo 


za)/4). 

< 2, 


v £7 j 


\{EJ){x)\<Y,^-[ / \f{y)\-\4>{2-y-v)\dy)\<t>{2-x-v)\ 


< 




/ l/(^)l • ll‘^IUoo(K)C?l/)l0(2''a;-z/)| 


< 2''||/||li(ir) ■ ||/^||loo(k) X]/^(2'"a; - z/) < C382''||/||ipiR)- 




IIojiaraH 


/3(a;) = 


C397(a;/4), npn |a;| > 2; 

(5{2) = C 397 ( 1 / 2 ), npH |a;| < 2, 


c KOHcxaHTOH C39 = max(c34, C38/7(l/2)), yGejK^aeMCH b cnpaBe^jiHBocxH 
(2.1.58). 

J\jis nojiyneHHJi cooxHomeHHH (2.1.59) npn |a;| > 2 HMeeM 


/3{2x) = C397(2a;/4) = C39 2^y{2^2x/A) = C39 2X2"+'a;/4) 

K>0 K>0 

= ( C39 / 2 ) 5 ^ 2 '=+ V ( 2 "+' a ;/ 4 ) = ( C39 / 2 ) 2X2 V4 ) 

K>0 K.>1 

< (c39/2)5^2X2X4) = (c 39/2)7(X) = (l/2)/9(a;), 

K>0 

oxKy^a no HH^yKpHH oxHocHxejiBHo I cjie 7 ;yex, nxo npn I G Z+, |a;| >2 
BBinojiHHexcH HepaBeHcxBo 

/3{2^x) < 2-^/3{x). 
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Oxciofla npH |a;| <2 ,/gN, c ynexoM hcxhocxh h mohoxoh- 

HOCXH (JiyHKpHH {3 BblBOflHM 

I3(2^x) = l3{2^-^2x) < 2-('-^)/3(2a;) 

= 2-('-^)/3(2|a;|) < 2-^^-^'^I3{\x\) = 2-^^-^'^I3{x). 

ConocxaBjiHH nojiyneHHBie openKH, npHxo^HM k (2.1.59). □ 

JleMMa 2.1.9 

IlycxB BBinojiHeHBi ycjioBHH jieMMBi 2.1.2. Tor^a cyipecxByex KHcxanxa 
C4o(Ai) > 0 xaKaH, hxo jiio6oh (JiyHKpHH / G Li(M) fl L2 (M),q; G M+ h 
MHOJKeCXBa S = G Z, X Z,r G N}, KOXOpBIX ^BOHHHBie HHxep- 

BajiBi {Qk,u, (^, £ *5'} nonapHo ne nepeceKaioxcH h ^jih jiioGoro (k, u) E S 

coGjno^aexcH HepaBencxBo 

||r’1lLpM)<2'-"a. 


cnpaBe^jiHBo HepaBencxBo 



(2.1.60) 


/loKasaxe jiBcxBo. 

Cnanajia ycxanoBHM cnpaBe^jiHBocxB (2.1.60) b cjiynae, Kor^a S - ko- 

HeHHOe MHOJKeCXBO. 

riepenHineM jieByio nacxB (2.1.60) b bh^b 



HcnojiBsyn (2.1.58), h saMeHHH nepeMennyio b HHxerpajie, HMeeM 


j<2 H / \(E^'r''''')(^){Ej’‘n{^)\dx 

{k>,v')&S {k,u)&S:k>k> 

< 2 ^ ^ 2-II/--IU,,,, [ m-'x-E)l3(2-x-i,)dx 

{K’y)&S (k,j.)G5:k>k' 

<4a 2"'||r>'|Up«) j (3{2^'x-v')(5{2^x-v)dx 

= 4a ^ ll/“''''IU,(i.) 5] f D(x)D(2’‘x - v)dx, (2.1.61) 

{k',u')gS {k,u)£S':k>0 * 
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r^e MHOJKecTBo S' = 5"(k', z/') coctoht h 3 nap {k — k'— 2^~^'v') : 
(k, z/) e 5'. 

5Icho, nxo HHTepBajibi Qk,u '■ E S',k > 0, nonapno ^nax-ionKTHBi. 

/],OKa>KeM paBHOMepnyio orpaHnnennocTB BnyTpeHHen cyMMW b npaBon 
nacTH (2.1.61). OGosnannM nepea Sn,K,n E 1i,K E Z+, MHoncecTBO nap 
{k, v) E S',k > 0, fljin KOTopBix ^BonnnBie nnxepBajiBi jiencax b ox- 

pesKe [n, n + 1], n nycxB Cn,K - nncjio sjieMenxoB b Sn,K- Tor^a 


E 

(k,i/)gS':k>0 


/3{x)/3{2''x - 


u)dx = 


C30 « 

EE E / I3{x)l3{2'^x - v)dx 

n& K=0 {k,v)&S„,k 

e/e E ^{x)^(2'^x - v)dx. 


PasoGneM nocjie^nnn nnxerpaji no cxeMe 




Jn.l E Jn,2 E Ji 


Jn,3- 


Ha nepanencxBa 


Jn,l E 



( max /S) 2 "‘Cnn / I3(x)dx < ( max /9) 

V[n-l],[n+2] J ’Jr V[^-1’”+2] / 


/3{x)dx, 


npnnHMan bo BnnManne MonoxonnocxB n cyMMnpyeMocxB cJ^ynKpnn fd, no- 
jiynaeM paBnoMepnyio orpannnennocxB cyMMW 'Yhn&Z'^n,!- 

JXjis openKH nnxerpajiOB 2, Jn,3 aaMexHM, nxo na BKjnonennn Qf^ ^, C 
[n, n + 1] cjie^yex nepaBencxBo 


n <2 '^z/ < n + 1. 


HoaxoMy, ecjin a; < n — 1, xo 

|2'^a; - z/| = 2'^la; - 2-V| = 2^|a; - (n + 1 ) + (n + 1 ) - 2-V| 

> 2''(|a; - (n + 1)1 - |(n + 1) - 2-^v\) 

> 2''‘\x — (n + 1)1(1 — |(n + 1) — 2~''‘v\/\x — (n + 1)|) 

> 2^|a; - (n + 1)1(1 - 1/2) = 2^"^ - (n + 1)|, 
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a, cjie^oBaTejibHo, c ynexoM HexHocxH h mohoxohhocxh 4 )yHKn;HH (3 


I3{2^x -u)< /3{2^-\x - (n + 1 ))). ( 2 . 1 . 62 ) 

Ecjih jKe X > n + 2, TO 

\2'^x -u\ = 2^\x- 2-^z/| =2^\x-n + n- 2-'^u\ > 2^(|a; -n\-\n- 2-'^u\) 
= 2'^\x — n\{l — \n — 2~'^i'\/\x — n\) > 2^\x — n|(l — 1/2) = 2'^~^\x — n\, 

H, 3HaHHX, 

I3{2'^x-iy) < l3{2'^-\x-n)). ( 2 . 1 . 63 ) 

npHMeHHH ( 2 . 1 . 62 ) H ( 2 . 1 . 59 ), HMeeM 


/ n—1 

I3{x)l3{2'^~^{n + 1 - x))dx 

-oo 


KEZ4. {K,u)GSt 


POO 

f3{n + l- x)f3{2^-^x)dx 


/«€Z+ 


< ^ 2 ^ '^Cn,K / (din + 1 — x)l3{x)dx <2^ / / 9 (n + 1 — a;)/ 9 (a;)(ia;. 

Kez+ ^2 

Oxcio^a, yHHXbiBaH mohoxohhocxb h cyMMHpyeMocxB (JiyHKpHH fd, a xaKJKe 
( 2 . 1 . 47 ), nojiynaeM 

POO 

Y1 < 2 ^ / /9(n + 1 — x)(d{x)dx < C 41 . 

nez 

H anajiorHHHo, HcnojiBsyn ( 2 . 1 . 63 ) h ( 2 . 1 . 59 ), naxo^HM 


^00 

'^Jn,3<^ Y I3ix)ld{2^~\x-n))dx 

nGZ neZ -^^+2 kGZ+ {K,u)eSn,K 

/ OO 

ld{n + x)ld{2'^-^x)dx 

/9(n + x)/d{x)dx < C 42 . 

ConocxaBjiHH nojiyneHHBie openKH c ( 2 . 1 . 61 ), nojiynaeM ( 2 . 1 . 60 ) b cjiynae 
KOHeHHoro MHoxcecxBa S. 
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IlycTb xenepb MHoacecTBo S - GecKOHenno, x.e. S = {(k^, z/^) G Z x Z : 
r G N}. KaJK^oro m G N nojioJKHM := : r = 

yHHXbiBaH, Hxo B cHjiy (2.1.51) npn {k,u) G S BBinojiHHexcH HepaBencxBo 


H psifl 


r=l 

cxo^HTCH, nojiynaeM, hto p5i^ 




oo oo « 

—1 7^=1 Qi^r 


Ezj.,/ 


^ ZX-p 


r=l 


cxo^HxcH B Li(M) K HeKoxopoH (JiyHKpHH g'. Tor^a BBiGepeM no^nocjie^oBa- 
XejIBHOXB 

: nin e N,mn < rrin+i L 

L r=l ^ 

cxo^HipyiocH noHXH Bcio^y na i? k cJiyHKpHH g' , h npHMeHHM k Kaac^OMy 
sjieMBHxy 3XOH no^nocjie^oBaxejiBHocxH HepaBencxBo (2.1.60), b peayjiBxaxe 
Hero nojiyHHM 



0(a;) 


2 

dx < C4oa||/||Li(K). 


IlepexoflH B 3XOM HepaBencxBe k npe^ejiy na ocHOBannH xeopeMBi Oaxy, 
yGejK^aeMCH b cnpaBe^jiHBocxH (2.1.60) h ^jih GecKoneHHBix MHOHcecxB S'.D 
JleMMa 2.1.10 

J\jis jiioGoh (JiyHKpHH / G Zi(M) H jiioGoro a > 0 cyipecxByex MHOHcecxBo 
nonapHo flH3x.ioHKXHBix flBOHHHBix HHxepBajioB {Qk,u '■ (^, ^) G S} xaKoe, 

HXO 

a < {1 / mes Q K,iy) / \f{x)\dx<2a, (2.1.64) 

^ Qht,u 

npH (zt, z/) G S', a noHXH ^jih Bcex a; G M \ ^{k,u)gsQk,u BBinojiHHexcH nepa- 

BCHCXBO 

\f{x)\<a. (2.1.65) 

/],OKa3axejiBcxBo jicmmbi 2.1.10 npHae^eno b [7]. 

JleMMa 2.1.11 
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B ycjioBHHx jieMMbi 2.1.2 cymecTByex KoncxaHTa > 0 xaxan, hxo 

npH J 11060 M k E N fljiH jiioGoro naGopa hhcbji a = {a^ E { — 1,1} : k = 
1,..., k], fljiH / G Li(M), q; > 0 HMeex Mecxo HepaBencxBo 

k 


mes< X G 




K=1 


> a> < 


a 


43 

a 


( 2 . 1 . 66 ) 


/{oKasaxe jiBcxBo. 

OGosnaHHM Tf = := | 

Cnanajia ycxanoBHM cnpaBe;];jiHBocxB (2.1.66) f E i^i(M) fl L 2 (M). 
/{jiH / G i^i(M) n L 2 (M),q; > 0 paccMoxpHM MHOJKecxBO ;];bohhhbix hh- 
xepBajioB {Qk,u ■ (^, ^) £ 5'} hs jieMMBi 2.1.10. Ha (2.1.64) cjie^yex, hxo 

^ ^ i^6s((5K,!y) ^ ||/||li(ir)- (2.1.67) 

{K,v)(iS 


Hojiojkhm F = M. \ U(k,^)g5Qk,i/- Hpe^cxaBHM / b BH;];e cyMMBi 4)yHKn;HH 
9-/'Xf+ 5] £,(/-’") 

{k,u)gS 

H 

00 

h-=f- 3 ^ (r-‘'-EM'n) = J 2 '^- 

{k,u)£S r=l 

me 

hr := 

Hcho, hxo 


mes{a; G M : \(Tf){x)\ > a} < mes{a; G M : \(Tg){x)\ > Q;/2} 

+ mesja; G M : \{Th){x)\ > ajF). (2.1.68) 


Ha (2.1.65) cjie^yex 

[ \f{x)\^dx<a [ \f{x)\dx < a\\f\\L,(R). 

J F J F 

Oxcio^a H Ha jieMMBi 2.1.9 (cm. xaKHce (2.1.64)) nojiynacM, hxo 



< 2 


1/ ■ XFP + 


E 

(k,jf)g5 


E.ir 


dx 



< C44Q;||/||lP]r). 
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PlMeH B BH^y BBiKjia^Ky nocjie nepaBencTBa (2.1.7), bbibo^hm 


mes{a; G M : \(Tg){x)\ > Q;/2} = mes{a; G M : \(Tg){x)\‘^ > 0:^/4} 

< ^lirsIlL,.) < ^IIjIIL,., < ^Q'II/IIl.c) = ^ll/IU.m- ( 2 . 1 . 69 ) 

/I,ajiee, hojiojkhm G = r^e 

:= {x G M : lx - 2-V| < 22"^}. 

Hs (2.1.67) cjie^yeT, hto 

mesG^ mes{Q’^,^)= Y 4mes(Q^,^) < ^||/||ipK). (2.1.70) 

{k,i/)(^S {h,v)gS 

C ^pyroH cTopoHBi, 

mes{x G M \ G : \{Th){x)\ > a/2} < (2/a) ||T/i||i^(]R\G)- (2.1.71) 

JXjis npoBe^eHHH openKH npaBofi nacTH (2.1.71) onpe^ejiHM npn m G N 

4)yHKIi;HIO h'^ paBCHCTBOM 

m 

= h — ^ ^ hr 

r=l 

H saMBTHM, HTo BCJie^cTBHe (2.1.6) npH m G N noHXH ^jih Bcex x G (M \ G) 
cnpaBe^jiHBo nepaBencTBo 

m 

<J2\(Thr)(x)\ + \(TIO(x)\, 

r=l 

KOTopoe BjieHex openKy 


\{Th){x)\ = 


T 


/V.- 1 


hr + h'Y) (x) 


||T/i|Upr\g) = / \{Th){x)\dx< 

Jm\G 


r=l 


Y\iThr){x)\ \ + \{Th'J{x)\dx 


E/ |(m)(x)Mx+ / |(TC)(x)Mx 


^R\G 


R\G 


T mr-'’' - + nTh'j{x)\dx 

Jr\g Jr\g 


m 


r=l 


k . 

K=1 ' 


dx+ \{Th'j^){x)\dx. 
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IIpHMeHHB (2.1.55), nojiyHHM 


\Th\dx 


m 




K=1 ' 

C 35 II/"’'’"’' 


dx+ \{Th'^){x)\dx 


m 

sE 


Jx&.:\x-2-'^ri>^\>22-'^r 

P m 

2“'-7((2“'i - !',)/4)<il + / |(T/C)(2:)l* = C35Ell/'‘''''1Ifa(i<) 

r=l 

X f 2'^^'y{{2'^'^x — Ur)/4:)dx + f \{Th'^){x)\dx 

Jx&R:\x-2-'^ru^\>22-'^r jR 

m p p 

= C35 5^||r"’^1lLi(R) / 7(a;/4)cia;+ / |(T/i;„)(a;)|cia; 

Jx€M:|a^|>2 JR 

m p 


r=l 


r=l 


<C46||/|Il.(.)+ / |(rft:..)(i)Mi. (2.1.72) 

JR 

IIpHHHMaH BO BHHMaHHe, HTO npH 771 G N B CHJiy OpCHKH (2.1.51), 
lOHKHOCTH HHXepBajIOB Qk,!/, {k, Z/) G E, H BKJIIOHeHHJI / G Ei(M) HMeOT MBCTO 
cooTHomeHHe 


'7? 


\{Th'J{x)\dx < ||^k(0||li(R) < C47/i:|ldlLi(R) 


K = 1 


C47^|| ^ ^rllLi(R) < C^jk ^ ll^rlUp 


CXD 


r=m+l 


= C47A; ||r-"’'-i?.J"’'’"1|LpR) 

r=m+l 

CX) 

<C47l' E + 


<C4S*; E 


r=m+l 


|Li(R) 


00 p 

c^gk E / |/(a;)|(ia; —)■ 0 npn m —)■ cxd. 
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H3 (2.1.72) cjie^yeT, hto BbinojiHHeTCH HepaBencTBo 

II^^I|li(K\G) < C46||/||li(ir). 

HcnojiBsya cooxHomeHHH (2.1.70), ( 2.1.71), (2.1.73), HMeeM 


(2.1.73) 


mes{a; G R : \(Th){x)\ > q;/2} 

< (mesG) + mes{a; G R \ G : \{Th){x)\ > a/2} 

< -||/||li(r) + -^||/IUi(R) = -^||/||li(r)- (2.1.74) 

JXjis flOKasaTejiBCTBa (2.1.66) b cjiynae, Kor^a / G Li(R) fl L 2 (R), ocxa- 
jiocB conocxaBHXB (2.1.68) c (2.1.69) h (2.1.74). 

Ecjih / G Li(R),a > 0, xo BBiGnpaa c ynexoM (2.1.51) /' G Li(R)nL 2 (R) 
xaK, hxo6bi coGjiio^ajiHCB HepaBencxBa 


11/ - /1Ui(R) < ||/||li(R), 


k 

K,= l 


< ||/||li(r), 

Li(R) 


Gjiaro^apa (2.1.66), npaMenenHOMy k /', h HepaBencxBy HeGBimeBa, nojiy- 
HaeM 


mes< X G 




K=1 


> a 


< mes< X G 


mes< X G 


K,= l 


> al2 

> a/2 


K=1 


< (c 5 i/a)||/'||L^(R) + (2/a) 




K = 1 


Li(R) 


< (c5i/a)(||/||L^(R) + 11/ - /'IIli(ir) + (2/a)||/||2,i(iR) < (c43/a)||/||2,i(R).n 


flOKasaxejiBcxBa jieMMBi 2.1.2 ^ocxaxoHHo c oneBn^^HBiMH HSMenenH- 
HMH nOBXOpHXB flOKaSaxejIBCXBO JieMMBI 2.1.1 H BMeCXO (2.1.8) HCn0JIB30BaXB 
( 2 . 1 . 66 ). 

/^ajiBHefiniHe paccMoxpeHHH npoBo^axca na ocnoBe jieMMBi 2.1.1. O^naKo 
Bce nocxpoeHHH mojkho npoBecxH, onKpaacB na jieMMy 2.1.2. 


2.2. B 3XOM nyHKxe onncBiBaioxcH neKoxopBie cBoficxBa npoexxopoB k G 

Z_|_, 1 < p < oo, ycxanoBjieHHBie b n. 1.2. npn p = 2. 
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IlpefljiojKeHHe 2.2.1 

IlycTb BbinojiHeHM ycjioBHH jieMMBi 2.1.1 H cymecTByex HeoTpHpaxejiB- 
Haa cyMMHpyeMaa na R (JiyHKpHH Phi xaKaa, hxo noHxn Bcex a; G R 
coGjno^aexcH HepaBencxBo 

\^{x)\ < / ^{x — u)du. (2-2.1) 

Tor^a npH k, G Z+ cnpaBe^jiHBBi cooxHomeHHH; 

1) npn 1 < P < cxD ^JiH / G Lp(R),g G Zp/(R) HMeiox Mecxo paBencxBa 

/ (EU) ■ 9 dx = [ f- Wi)dx (2.2.2) 

»/ M */ M 

H 

/ (^k/) [ f ■ {S^'g)dx-, (2.2.3) 

»/ IR. »/ M 

2) npH 1 < p < cxD onepaxop HBjiHexcH onepaxopoM npoeKxnpoBaHHH 
B Zp(R), p;ji5i Koxoporo 

ImP^ = closei,p(K)(span{0(2'" • -u), v G Z}) 

= /i2«(closeLp(R)(span{0(- - z/), z/ G Z})); (2.2.4) 


KerP^ = {/GL, 


f(x)(p(2'^x — u)dx = 0 Vz/ G Z} 


- {f e 


= {/ G Zp(R) ; f f{x)(j){2'^x — v)dx = 0 Vz/ G Z} 

R) : f f{x)g{x)dx = 0 Vp G span{0(2'^ • —z/), z/ G Z}}. (2.2.5) 


/],OKa3axe jiBcxBo. 

BBiBop;a (2.2.2) f G Lp{M.),g G Zp/(R) p;ocxaxoHHo BBiGpaxB 
nocjiep;oBaxejiBHocxB {/„ G Lp(R)nL 2 (R), n G N}, cxop;5iiri;yiocji k / b Lp{R), 
H nocjiep;oBaxejiBHOcxB {gn G Zp/(R) fl L 2 (R),n G N}, cxop;5iin;yioc5i k g b 
Lp/(R), npHMeHHXB k hhm p;oKa3aHHoe panee paBencxBo (1.2.27), nojiy^HB 
paBencxBo 

f (P^/n) ■ g^dx = f fn- {EZ'gn)dx, n G N, 

»/ M */ M 

a 3axeM, yHHXBiBaa (2.1.5) h HepaBencxBo rejiBp;epa, nepefixn k npep;ejiy 
B 3XOM paBBHCXBe npH n —)■ CXD. 
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nojiyneHHH (2.2.3), Hcnojibsyn (2.2.2), HMeeM 
/(£J/)-F&= f mf)-{E:_J))-adx = f (Elf)--gdx- f (El_J)-gdx 

*/M */M */M */M 

= / f-{EZ'9)dx-[ f-{EP^_^g)dx= [ fi{E^g)-{EP^_^g))dx= [ f-{£tg)dx. 
Jr Jr Jr Jr 

IlpOBepHM, HTO B yCJIOBHHX H. 2) E^ HBJIHeTCH npoeKTOpOM. 3TOrO, 

yHHTBiBaH, HTo fljiH / G L 2 (M) fl Lp(M), Gjiaro^apn (2.1.5), HMeex mbcto 
cooTHomeHHe E^f = E^f G L 2 (M) fl Lp{R), HcnojiBsyn (1.2.26) h tot 4)aKT, 
HTo Uk - onepaTop npoeKTHpoBannH, bbibo^hm 

E^^EU = E^UJ = U.UJ = UJ = EU. 

Oxciofla B cHJiy nenpepBiBHocTH onepaxopa E^ : Lp(M) i—)■ Lp(M) (cm. (2.1.5)) 

H njioxHocxH L 2 (M) nLp(R) b Lp{M.) npn 1 < p < cxd BBixeKaex, hto E^E^f = 
EPf p;ji5i / G Lp(U.), x.e. E^ - npoexxop b Lp(R). 

JXjis npoBcpKH cnpaBep;jiHBocTH (2.2.4) cnanajia ycxanoBHM BRjiioHCHHe 

closeLj,(R)(span{0(2'' • -u), v G Zj) C ImEj^. (2.2.6) 

C 3TOH pejiBK), 6epH f G closeLp(R)(span{(;/)(2'^ • —z^),z^ G Z}) no- 
cjip;oBaTejiBHOCTB {fn G span{(;/)(2'^ • —z^),z/ G Z},n G N}, cxop;5iin;yioc5i k 
/ B Lp(R), H HcnojiBsyH HenpepBiBHocxB onepaxopa E^ b Lp(R), a xaKJKe 
(1.2.26), (1.2.16) H TOT 4)aKx, hxo Uk cyxB npoexxop, nojiynaeM, 

EU = lim E^n = lim U^fn = Hm fn = /, 

n^oo n—>-cxD n—>-OD 

cjiep;oBaTejiBHo, HMeex Mecxo (2.2.6). 

TenepB ycxanoBHM oGpaxnoe BKjiioHeHHe 

ImE^ C closeLp(R)(span{0(2'' • -z/), z/ G Z}). (2.2.7) 

IIpH p = 2 (2.2.7) c ynexoM (1.2.26) cjiep;yex h 3 (1.2.16). BBiGnpaa f G 
Lp(R),l < p < oo, nocjiep;oBaxejiBHocTB 4)yHKn;HH {/n G C“(R),n G N}, 
(HMeioipHx KOMnaKXHBie HocHxejiH), cxop;5iin;yiocH k / b Lp(R), BCJiep;cxBHe 
HenpepBiBHocxH onepaxopa E^ : Lp(R) i—)■ Lp{R) nojiynaeM, nxo E^fn —)■ E^f 
B Lp{R) npH n ^ oo, x.e. 

ImEP C closei,(M){E^/,/ G Co“(R)}. 

TaKHM o6pa30M, hxoGbi p;oKa3axB (2.2.7), p;ocxaxoHHo y6ep;HTBCH b cnpaBep;- 
JIHBOCTH COOXHOmeHHH 

{EPJ,fe C'o°°(R)} C closei^(M)(span{0(2" • -z/),z/ G Zj). (2.2.8) 
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JXjis 3Toro, (JiHKCHpyH jxjis f G C“(M) KOMnaKT K = supp/, npn k G 
1 < p < oo, R E M. : R > 1, paccMoxpHM jiHHefiHyio KOMGHHapHio 
(KOHeHHyiO B BH^y KOMnaKTHOCXH K ) 

f - ^K)dy \ X 4>{2^x - u^) 

u^e'L:p{2-'^u^,K)<R ^^9. / 


Tor^a B cHjiy (1.2.22), (1.2.20) HMeeM 


\m 


If- Y. idffiym- 


G span{0(2^ • —z/), v G Z}. 


y - VK)dy X 0(2^^ • -z/«)||l„ 


v^£'L:p(2 •^u^,K)>R 


^ 2^( / f{y)^{2^y -u^)dy \ x 0(2^ •-z/^) 


X] 2^ X f{y)^{2^y - iy^)dy x ||0(2'^ •-z/«)||ip 

u^eZ:p{2-'‘u^,K)>R ^9 


(2.2.9) 


SaMenaa, hxo npn k G Z+, z/^ G Z HMeex Mecxo paBencxBo 


0(2^^ ■ -z/«,) 


10(2'"?/ - iy^)\Pdy 


|0(2'"(2-'"z/, + 2-";^) - iy^)\P2-^dz 


— 2~'^/p 


(^j^wz)rdzy" 


a, Gjiaro^apji (2.2.1) (cm. xaKJKc (1.2.24)), BBinojiHHexcH HepaBCHcxBo 


f{y)(l){2^y - u^)dy = / f{y)(p{2^y - u^)dy 

Jk 


< ll/IUoc(R) X / m2'"y-i^K)dy 


^ J L 


X / 2'" / ^(2^(y - u))dudy 


= 2'" X 


Loo(R) / / ^{2^{y-u))dudy, 

Jk J2-'"(iy«+(l/2)Bl) 


62 



H y^HTbiBaa, HTO npH k, G R > 1,Uk E Z : p{2 K) > R,y E K,u E 
+ (1/2)5^), co6jiio;];aeTC5i HepaBencTBo 

\y-u\ = \y - 2"'"z/^ + - u\ > \y - - \2~'^u^ - u\ 

> p( 2 -V,, K) - ( 1 / 2 ) 2 -" >R-l/2> R/2, 

H 3 ( 2 . 2 . 9 ) B cHjiy (T-apyi;HTHBHocTH HHxerpajia kbk (JiyHKpHH MHoacecTB, 
xeopeMBi JleGera o npep;ejiBHOM nepexop;e nop; snaKOM nnxerpajia nojiynaeM 
cooxHomenne 


Kf - E 2« 

Vi^&'L:p{2-’^Ui^,K)<R 

^ E 

Uk&-.p{2-'^Uk,K)>R 


f{y)(j){2'^y - u^)dy ) x 0(2" • -z/« 
2" X 2" X 


X 



K (i/, + (l/2)Bi) 


i(2'‘(y - u))dudy] x 





eZ:p{2-'^u^,K)>R'^^ '^(yK+(l/2)Bl) 


^{2'^{y—u))dudy 


= Cl 


= Cl 


r)K(2-l/p) ^ 
Loo(R)2 

r)K(2 —1/p) w 

Lcx,m)2 ^ X 


\i^eZ:p{2-'‘u^,K)>R «(!X;,+(1/2)B1) 


^{2'^{y—u))du \ dy 



^{2'^{y — u))dudy 


<l(2"(i/ — u))dudy 
^{2'^z)dzdy 



K Ju£^:\y—u\>R/2 



= c.||/|li„,.,2«<2-'/!''x 
= c,||/|U„(,|(mesA-)2“P-‘/>’'x 

J 

= ci||/||L^(R)(mesi):)2"(^-^/^’) 


K Jz(ZM.'.\z\>R/2 


' zeM.:\z\>R/2 


CGR:|C|>2«/?/2 


l>(2"x)(ix 

l>(C)2-"dC 


X 


I $(C)rfC ^ 0 

CGR:|<|>2(«-1)R 

npn i? —)■ cxD, K G Z+, 1 < p < cx). 

TeM caMBiM, ycxanoBjiena cnpaBepjiHBocxB (2.2.8), a BMecxe c hhm h 
(2.2.7), nxo saBepmaex poKaaaxejiBcxBo (2.2.4). HepenpeM k BBiBopy (2.2.5). 
Cnanajia nojiynnM nepBoe paBencxBO b (2.2.5) npn k = 0. IlycxB / G Keri7g. 
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Tor^a npH /x G Z BBH^y xeopeMBi JleGera o npe^ejiBHOM nepexo^e no^ ana- 
KOM HHxerpajia c ynexoM BKjnoneHHH 0 G Zi(M) h cooxHomeHHfi (1.2.22), 
(1.2.21), (1.2.8) co6jiio;];aioxcH paBencxBa 



Ecjih ace fljiH / G Lp{R) BBinojinaioxcH paBencxBa J^f{y)(l){y — h')dy = 
0, z/ G Z, xo corjiacHo (1.2.22) EqJ = 0. TaKHM oGpasoM, nepBoe paBen- 
cxBo B (2.2.5) npH k = 0 ycxanoBjicHo. IIpHHHMaH bo BHHMaHne, axo = 
/i 2 «E'q(/i 2 '^)~^, Ha ocHOBaHHH (1.2.2), (1.2.5) H nepBoro paBencxBa b (2.2.5) 
npH K = 0, HOJiynaeM 



/(jiH npoBepKH cnpaBe^jiHBocxH ocxajiBHBix paBencxB b (2.2.5) aaMexHM, hxo 
fljiH / G Lp{R), 1 < p < oo, npH /t G Z+ BCJie^cxBHe (2.2.4), (2.2.2) hmciox 
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MecTo yxBepjK^eHHJi; 


f{x)(l){2^x — i/)dx = 0 Vz/ G Z 


f{x)g{x)dx = Oyg E span{0(2'^ • —z/), u e Z} 


f{x)g{x)dx = 0 Vgf G closer ,(K)(span{(;/)(2'^ • —z/), z/ G Z}) 


/Ek gdx = 0 Vgf G Lp! 


Elf ■ gdx = 0Wg e Lpd 
Elf = 0^ fEKeiEl, 


HTo BjieHex coGjno^eHHe ocxajiBHBix paBencxB b ( 2 . 2 . 5 ). □ 

IlpefljiojKeHHe 2.2.2 

IlycxB BBinojiHeHBi ycjioBHH npe^jiojKeHHH 2.2.1. Tor^a HMeiox Mecxo co- 
oxHomeHHH; 

1) ripn 1 < p < cx) K, k' G Z+ : k' < k, BBinojiHHioxcH paBencxBa 


= B'BJ = El,-, 

2) npn 1 < p < oo, K E Z+ HMeiox Mecxo BKjiioHeHHH 

ImEl c KerBJ+i c KerB'; 

3) npH 1 < p < oo K, k' E Z+ co6jiiop;aioxc5i paBencxBa 

£P,npH K = k'] 


SlSl, = 


0, npH K 7^ k'] 


( 2 . 2 . 10 ) 


( 2 . 2 . 11 ) 


( 2 . 2 . 12 ) 


HMeex 


(2.2.13) 


H npH 1 < p < oo, K, k' E : K k', f E Lp(R),g E Lp 

Mecxo paBCHCXBO 

[ {Slf) ■ W9)dx = 0; 

Jw 

4) npH Ip < cxD p;ji5i K eN co6jiiop;aioxc5i paBencxBa 

Im Sf = lmEln Ker El_p, Ker Sf = Im El_-^ + Ker E^. 

/loKaaaxe jiBcxBo. 

y6ep;HMCH B cnpaBep;jiHBocxH (2.2.10). HocKOJiBKy npn k',k E Z+ : k' < 
K, BCJiep;cxBHe (1.2.30), (1.2.26) p;ji5i / G Z 2 (M) fl Zp(M) HMeex Mecxo paBen- 

CXBO 


(ElEl,)f = /) = El{U„.f) = U„(U,,,f) = C/.,/ = EIJ, 
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TO BbiGnpaH flJiH / G Lp{R) nocjie^OBaTejiBHOCTb {/n G fl Lp{R),n G 

N}, cxo;];jiin;yiocH k / b Lp(M), h nepexo^H k npe^ejiy npn n —)■ cxd b paBencTBe 

)/„ = B'/„, 

B cHjiy HenpepBiBHocTH b Lp{M.) bxo^^hiphx b Hero onepaxopoB nojiynaeM 
BTopoe paBeHCTBo B (2.2.10) ^jih / G Lp(M). Tohho xax ace ycxaHaBjiHBaexcH 
cnpaBe^jiHBocTB nepBoro paBencxBa b (2.2.10). 

JXjis flOKasaxejiBcxBa nepBoro BKjiioHeHHH b (2.2.11) ^jih / G Imi?^ bo3b- 
MCM 4)yHKn;Hio g G Lp{M.) xaKyio, hto / = E^g. Tor^a BBH^y (2.2.10) HMeeM 

/ = K+j +/ - = BLi/+/ - 

= + / - Elg = BJ+i/ + / - / = BJ+i/ 6 Im 

HTO aaBepmaex flOKasaxejibcxBo nepBoro BKjiioHeHHJi b (2.2.11). 

Hxo6bi ycxaHOBHTB coOjHo^eHHe Bxoporo BKjiioHeHHJi B (2.2.11), saMexHM, 
HTO BCJie^cTBHe (2.2.5), (2.2.4) h nepBoro BKjiioHeHHH b (2.2.11) c ynexoM 
HepaBeHCTBa FejiB^epa BBixeKaex, hto 


KerE^, 1 = / e L 


f{x)g{x)dx = OV^f G span{0(2''’''^—z/),z/ G Z} 


/ G Lp{R) : / f{x)g{x)dx = 0 V^f G closer (r) span{0(2'^+^--z/), z/ G Z} 
Jr 

= ( / G Lp(R) : [ f{x)g{x)dx = 0Wg e 

L JR 

c(/eMK): f /( x)g{x)dx = 0 Vgf G 


= / e 4 


f{x)g{x)dx = 0 Vgf G closer ,(r) span{0(2'‘-— z/), z/ G Z} 


- W e I/J 


f{x)g{x)dx = 0 Vgf G span{0(2'^ • —z/), z/ G Z} 

= Ker^P 


IlepeHfleM k npoBepKe (2.2.12). IlycTB k,k'^ Z_|_ h k = k'. Torji;a b cHjiy 
(2.2.10) HOJiynaeM 

= (Eff - EUEl - ElEU + (EUf = 

= BJ - B'_i - EU + EU = Ei- B^l = S'. 
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IlycTb K 7 ^ k'. npe;];nojio>KHM, hto k' < k. Tor7i;a, CHOBa Hcnojibsyn 
(2.2.10), BbiBo;];HM 


= K'K - K'-iK - K'K-i + By.sL. = 

= El, - El,., 


El, + Ei,_, = 0 . 


AnajiorHHHo npoBepaeTCH (2.2.12) npn k' > k. 

IlpH npoBepKe (2.2.13) ^jih / G Lp{K),g G Lp/(R), npHMeHJiJi (2.2.3), 
(2.2.12), Haxo^HM 

/ ■ {^i'9)dx = [ {£l,£U) ■gdx= [ 0-gdx = 0,K,K'eZ+:K^ n'. 

*/ M »/ M »/ M 

HaKOHep, conocTaBjiHH n. 2) npepjiojKenHH 2.2.1 h cooxHomeHHH (2.2.11) 
c (1.2.3), B cooTBexcTBHH c (1.2.4) nojiynaeM paBencxBa n. 4). □ 

TeopeMa 2.2.3 

IlycxB BBinojiHeHBi ycjioBHH npepjiojKeHHH 2.2.1, a xaxjKe 4)yHKn;HH <l> 
noMHMo panee oxMeneHHBix cbohcxb oGjiapaex xeM cbohcxbom, hxo 


/ l>(0c^eeLi((l,oo)). (2.2.14) 

Torpa npH 1 < p < cxd b Lp{M.) cnpaBepjiHBo paBencxBo 

/= J2^UJ^Lp{R). (2.2.15) 

kGZ+ 

/],oKa3axe jiBcxBo. 

/(jiH poKaaaxejiBcxBa (2.2.15) c ynexoM npepjiojKenHH 1.1.1 noKaaceM, hxo 
npH 1 < p < oo pjiH / G Lp{M.) HMeex Mecxo cooxHomeHne 

11/- ^k/||lp(r) ^ 0 npH K ^ oo. (2.2.16) 

CiipaBepjiHBocxB (2.2.16) npn p = 2 yace ycxaHOBjiena (cm. (1.2.35), 
(1.2.26)). Tenepb yOepHMCH b cnpaBcpjiHBocxH (2.2.16) npn 1 < p < oo. Ho- 
KajKCM cHanajia, hxo (2.2.16) hmccx mccxo pjiH jiio6oh 4)yHKn;HH / G Loo(R), 
HMeioipeH KOMnaKXHBiH HocHxejiB. B 3XOH cHxyapHH, Korpa / G Loo(R) hmc- 
ex KOMnaKXHBiH HOCHxejiB supp/, npH K G G M+ : R > sup^^g^pp^ \y\, 

HMCCM 


\\f-EU\\ljm= / \f{x)-{EU){xWdx 




\f{x)-{EU){x)fdx + 
\f{x)-{E^J){x)\^dx + 




\f{x)-{EPJ){xWdx 
mf){xWdx. (2.2.17) 


IRB^ 


' a;GR:|x|>i? 
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Oi^eHHBaH BTopoe cjiaraeMoe b npaBofi nacTH (2.2.17), ^jih / G Loo(K) : 
supp / - KOMnaKT, npH k, G Z+,i? G M+ : R > supygg^pp ^ ||/|, c ynexoM 
(1.2.22), (1.2.23) npn p = oo, nojiynaeM, hto 


mf){x)fdx< 


^ \(EU)ix)\dx 


= ii^r/iir 






X]2'"x( / f{y)(t){2'^y - v^)dy]x(t){2‘^x-Vn) 


dx 


<(ci||/||l^(M))"-'x 


' 3;EM:|x|>/2 


X] 2'^x ( / f{y)^{2^y - u^)dy ) X(j){2^x-iy^) dx. 

(2.2.18) 


Hto6bi opeHHTB npaByio hbctb (2.2.18), ^jih / G Zoo(IR) : supp / - 
KOMuaKT, npu K, G Z+,R G M+ : R > supygg^ppJ |?/|, nouxu ^jih Bcex 
a; G M : |a;| > /?, uaxo^^uM, uxo 


X] 2^ X ( / f{y)(j){2^y - u^)dy ) x (j){2^x - u^) 


X] 2'" X ( / f{y)(j){2'^y - u^)dy ) x 0(2'"a; - u^) 

Uk&-.\x—2-'^Uk\<\x\/A 


+ ^ 2'^ X ( / f{y)(j){2'^y - u^)dy ) x 0(2'"a; - u^) 

Ui.^£Z:\x-2-'^Ui.^\>\x\/4: 


< 


+ 


2^ X ( / f{y)(j){2>^y - v^)dy ) x <t){2^x - v^) 

UK.&-.\x—2-'^UK.\<\x\/i 


Y 2^ X [ I f{y)(j){2'^y - u^)dy ) x 0(2'"a; - z/«,) 

Vk&'.\x—2->^Uk\>\x\/A 


< Y 2^^ X 

VK,&‘'.\x — 2-'^Vri\<\x\lA: 

Y 2^ X 

!^KGZ:|a:—2“'‘!^K|>|a;|/4 


f{y)4>{2'^y - ^^)dy 


X I0(2''a; - IXk)\ + 


f{y)(t){2^y - Tx^)dy 


X \(j){2^x - u,)\. (2.2.19) 


SaMeuau, uxo npu k G Z+,z/k G Z nouxu ^jiu Bcex a; G M HMeex Mecxo 
nepaBencxBo 

|0(2^a; - z/^)| < ||0 ||l^(r), 

a fljiu / G Loo(K) : supp / ecxB KOMnanx, npn k G Z+,z/k G Z, Gjiaro^apu 
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(2.2.1) (cm. xaKJKe (1.2.24)), BbinojiHacTCH HepaBCHCTBo 


- ^^)dy 


< Hi IIL 


< Hi \\L. 


X 


= 2^ X 


'supp/ 
(K) X 

I 2 ^ X 

supp/ 

Loom X 


f{y)(f){2^y - u^)dy 
[ \^{‘2'^y - ^K)\dy 

/supp/ 

[ ^{2'^{y — u))dudy 

i2-«(i.«+(l/2)Bl) 

[ [ ‘^( 2 '^(|/ — u))dudy, 

/supp/ /2 -'^(!^k+(1/2)B1) 


H yHHTBiBaa, hto npn k G Z+, i? G M+ : i? > 4sup,j£gupp j |x|, i? > 2, a; G M : 
|a;| > R,u^ e Z : \x - 2-^u^\ < \x\/4:,y G supp/,M G 2"'^(z/«, + (1/2)5^), 
co6jiio/i;aeTC5i nepaBencTBo 

\y — u\ = \ —x + y-\-x — 2~^i/i^ + 2~^i/i^ — u\ > \x\ — \y + x — 2~'^Ui^ + 2~'^Ui^ — u\ 
> \x\-\y\-\x-2~'"iyi^\-\2~'"iyi^-u\ > \x\-( sup |x| j - |a;|/4-(1/2)2“'' 

V^Gsupp / / 

> |a;| — R/A — |a;|/4 — i?/4 > |a;| — |a;|/4 — |a;|/4 — |a;|/4 = |a;|/4, 
nepBOH cyMMBi b npaBou uacTu (2.2.19), hmch b BH/i;y (2.2.14), nojiyuacM 
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cooTHomeHHe 


2^^ X 

j^KeZ:|a;—2-'^!^K|<|a;|/4 


f{y)(l){2'^y - u^)dy\ x \(j){2'^x - z/« 

2'^ X 2^ X 


< 

Ui^eZ:\x-2-'^u^\<\x\/4 

XI / [ ^{2'^{y-u))dudy] X \\(j)\\L, 

Isnppf J2-'^{u^ + il/2)B^) 


= c2(0)ii/iUoo(r)2^^x y 


UkG'^'-\x—2 '^Uk\<\x\/4 


/supp/ J2-'^(i/^+(l/2)_Bi) 


^{2'^{y—u))dudy 


— C2||/||loo(R)2^'^X 


E 


^{2'^{y—u))du ]dy 


™PP/ VGZ:|x-2-«!..|<|x|/4'^2-«(i.«+(l/2)Sl) 


= C2||/||l^(r)22'^ X / / ^{2^{y-u))dudy 

Jsnppf -/U^„g2:|:.-2-«,.,|<|:.|/4(2"'‘(l'« + (V2)Bl)) 


'supp/ -/uEMily—'u|>|x|/4 


- C2||/|1l^(R)2^'' X 


'supp / J2GR:|^|>|a;|/4 


^{2'^z)dzdy 


= C2||/||L^(R)(messupp/)22''X / l>(2^x)rfx 

J2GR:|z|>|a;|/4 

= C2||/|lL^(R)(messupp/)22^ X [ l>(02"^d^ 

•'$6R:|?I>2'"P|/4 

= C2||/||L^(R)(messupp/)2^ X f 

J^GR:|C|>2«-2|a;| 

noHTH /i;ji5i Bcex a; G M : |a;| > i?, i? G M+ : R> 4 sup \z\, R > 2, k, E Z+. 

2 Gsupp/ 

( 2 . 2 . 20 ) 

KpoMe Toro, npu opeuKe BTopou cyMMui b npaBou uacTu (2.2.19), yuu- 
TBiBan, UTO npu k G Z+, z/^ G Z coOjuopaeTcu uepaBeucTBo 


f{y)4>{2^y - u^)dy 


< 


= J L 


\^{2^y - Vn)\dy 

[ \^{z)\2-^dz = C3(0)||/||l^(r)2"'', 


HcnojiBsyu (1.2.24), a Taxace, npunuMau bo BHUManue, uto npu k, G Z+, R G 
R+ : R > 4, X E M. : |a;| > R, pjiu z/^ G Z : \x — 2“'^z/k| > |a;|/4, u G 
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(2 + (l/2)-B^)), BbinojiHaeTCJi HepaBencTBo 

\x-u\ = \x-2~'^v^ + 2~'^v^^-u\ > \x-2~'^v^^\-\2~'^v^^-u\ > |a;|/4-2“''“^ 
> \x\/A — 1/2 > \x\/A — R/8 > \x\/A — \x\/8 = |a;|/8, 

saKjiioHaeM, hto npn k G Z+, R G M+ : R> 4, noHTH ^jih Bcex a; G M : |a;| > 
R, HMeex MecTo nepaBencTBo 


2^^ X 

Vk,&.-.\x—2-'^Vk\>\‘AR 


f{y)(j){2'^y - u^)dy 
2" X C3||/||i„m,2- X 2“ I 


^ E 

i'k,€Z:\x—2-'‘i/k\>\x\/4 
= C3||/||loo(k)2'" X 

!2kGZ:|x— 2“'‘!2K|>|a:|/4 


X |0(2'"a; - u^)\ 

I ^{2'^{x — u))du 

'2—K + (l/2)Bi) 

<l>(2^(a; — u))du 


'2-«(!2,3+(1/2)B1) 


- C3||/|Uoo(IR)2'' X 




$(2'^(a; — u))du 


< C3||/||l^(r)2'^ X 

= C3||/||loo(R)2'' X 
= C3||/||Loo(IR)2'" X 


-uGMilrc—ii|>|x|/8 


$(2'^(a; — u))du 


’ 2EM:|2:|>|a^|/8 


<l>(2'"x)cix 


a5eR:|?|>2«|x|/8 

= C3||/|1loo(IR) X 


$(02-"cie 


( 2 . 2 . 21 ) 


a?GK:|?|>2«-3|x| 

Coe^HHHH (2.2.18). (2.2.19), (2.2.20), (2.2.21), nojiynaeM, hto ^jih / G 
Loo(R) : supp / - KOMnaKT, npn R G M+ : R > max(4, 4sup2gsuppj \z\),k G 
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Z_|_ B BH^y (2.2.14), (2.1.1) cnpaBe;];jiHBo cooxHomeHHe 






p-i 


X 


C2||/||L^(R)(messupp/)2" 


X 


/^GR:|$|>2«-2|x| 


' a;GR:|x|>iJ 

+ C3||/||loc(R) X 


'$eR:|?|>2'"-3|x| 


^iOd^ ]dx 


X 


/^GR:|^|>2«-2|a;| 


,(R) X (^C 4 (messupp/) 
^{Od^dx + C5 [ I 




^iOd^dx 


'xeR:|a;|>/? ^CeR:|?|>2'^-3|x| 


X ( C 4 (messupp/) 


/teR:|t|>2«-2R 


X 


^{Od^2-'^^^dt + C5 


'?6R:|?|>|t| 


— II /IIP 


/tGR:|t|>2«-3i? J5GR:|C|>|t| 




X ( C6(messupp /) 


HOd^dt 


C 72 


/tGR:|t|>2'^-3/? ./^GR;|5|>|t| 


^iOd^dl^ 0 npH K —)■ cxD. (2.2.22) 


TenepB npn 1 < p < cxd p;ji5i / G L^o (K) : supp / - KOMnaKX, (JiHKCHpyeM 
R G M+ : R > max(4,4sup2gsuppj |x|) h npoHSBOJiBHoro e > 0, Hcxop;5i hs 
(2.2.22), HaHp;eM kq G Z+, p^jis Koxoporo npn k G Z+ k > ko, BBinojiHHexcH 
HepaBencxBo 




\{EU){xWdx< 


(2.2.23) 


SaxeM BBiGpaB <5 > 0 xaKoe, hxo 2RS^ < e^, ncnojiBsya (1.2.23) npn p = 00 , 
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a xaKJKe c ynexoM (1.2.26) npHMeHHH (1.2.35), nojiy^HM 


11 / - EU\\1,hb<, = 1 / - {EU)rdx 

= [ \f-iEU)\^dx+ [ \f-{EPJ)\Pdx 

<5Pmes(RB^)+ [ \f - (EPJWdx 

JxeRB^:\f{x)-{EPf){x)\>5 

< 6^2R + 11/ - (i?^/)|lL(R) mes{a; G RB^ ; |/(a;) - {EU){x)\ > 

< 2R6^ + (||/|U^(M) + \mU^^^)rmes{x G RB^ : \f{x) - m)ix)\ > 5} 

< 2R5^+m\L^m+\\EU\\L^mrs-^ [ \f{x)-{EU){x)\^dx 

J {x&RB^:\fix)-{EZf){x)\>6} 

< 2RS^ + (C8||/|u^(«))^r2 [ \f{x) - {E^J){x)\^dx 

Jr 

= 2RS^ + (C8||/iu^(«))^rl/ - (t/./)||i,(«) 

< e" + {csWfWL^mrS-^f - ([/./)||L(«) < 2e^ (2.2.24) 

flJIH K G Z+ XaKHX, HXO 

l|/-(^./)llL(M)<e"<^V(c8||/||L^(R))". 

06x.e^HH5i5i (2.2.17), (2.2.23), (2.2.24), bh^hm, hxo npn ^ocxaxoHHo Gojibiuhx 
K G Z+ coGjno^aexcH HepaBencxBo 

ii/-^.vrM«)<36^ 

x.e. (2.2.16) BBinojiHHexcH ^jih jiioGoh (JiyHKpHH / G Loo(K), HMeroipeH kom- 

naKXHBIH HOCHXejIB. A nOCKOJIBKy MHOJKeCXBO XaKHX (JiyHKpHH njIOXHO B 

Lp(R) npH 1 < p < cxD, xo oxciop;a b cHJiy (2.1.5) saKjiioHaeM, hxo (2.2.16) 

BepHo p;ji5i J 11060 H / G Lp{R). 

PaBencxBo (2.2.15) b BHp;y (1.1.1) HBjiHexcH cjiep;cxBHeM cooxHomeHHH 
(2.2.16). □ 

2.3. B 3 XOM nyHKxe p;aexcH onncaHHe cbohcxb onepaxopoB npoeKxnpo- 
BaHHH Ha nop;npocxpaHcxBa BcnjiecKOB, cooxBexcxByion^He HeHsoxponHOMy 
KpaxHo-MacnixaGnoMy anajiHay, nopo>Kp;eHHOMy xensopHBiM npoH3Bep;eHHeM 
rjiap;KHx p;ocxaxoHHo Gnicxpo yGniBaiomHx na GecKOHennocxH (JiyHKpHH, h 
p;pyrHx npoexxopoB, Koxopnie HcnojiBsyioxcH b n. 2.4. npn p;oKa3axejiBcxBe 
ocHOBHBix pe3yjiBxaxoB paGoxBi. 

npep;jio>KeHHe 2.3.1 
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IlycTb d G N H Ha6opt>i (JiyHKpHH 


0 = { 01 , • • • , 0 d },0 = ( 01 , • • • , 0 d } 

TaKOBbi, HTo npH j = 1,... ,d coGjiio^aioTCH ycjioBHH npe^jiojKeHHH 2.2.1 c 
(JiyHKpHHMH (pj. ripH 1 < p < cxD, K G paccMOTpHM onepaTopBi 

H onpep;ejiHM onepaxopBi 

d d 

EP=E*j'-= n v^'iEt ’-*-')= n 

1=1 1=1 

Torp;a jiHHefiHBix onepaxopoB 

: Lp(IR‘‘) L,(K‘‘), 
eif : L,{m)p^L,(R),3 = l,...,d, 

onpei];eji5ieMBix cooxHomeHHHMH 

eeTG/(£)c/(Ac) 

= I, ■ ■ ■ ,d (cm. onpei];ejieHHe nocjie (1.2.28)) , 

HMCeX MeCXO paBCHCXBO 

d 

P-3-2) 

1=1 

^OKasaxe jiBcxBo. 

IlpoBepHM cnpaBei];jiHBocxB (2.3.2). HcnojiBsyii (2.3.1), (1.3.3) h n. 2 jicm- 
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MM 1.3.1, HMeeM 



IIpefljiojKeHHe 2.3.2 

B ycjioBHHx npe^jiojKeHHH 2.3.1 npn k G 1 < p < cxd cnpaBep;jiHBt.i 
cjiep;yioin;He yTBep>Kp;eHHH; 

1) k' G : k' < k, HMeioT mbcto paBencTBa 

K'K = ElK’ = K'. (2.3.3) 

2) p;ji5i / G Lp(R'^),p G Lp/(W^) BBinojiHHioTCH paaencTBa 



H 


(SJ) ■gdx= f ■ {S^g)dx] 


3) k' G Zi co6jiiop;aioTCH paaencTBa 




£P, npn K = k'; 
0, npH K, 7^ k'. 


(2.3.4) 

(2.3.5) 


(2.3.6) 


75 



4) onepaxop HBjiHexcH npoexxopoM b npocxpancxBe Lp(R'^), ^jih ko- 
xoporo 


Ker EP={fe : / f{x) ■ (j){2^x - u)dx = 0 Vz/ G Z^} 

= {/ G Lp{M!^) : f f{x) ■ g{x)dx = 0 Vgf G span{0(2'^ • —z/), v G Z'^}}; 

Jr<^ 

(2.3.7) 

= closei^(Kd)(span{0(2'' • -z/), z/ G Z"*}), (2.3.8) 

r^e 0 : I—)■ C - (JiyHKpHJi, sa^aBaeMaH paBencxBOM 0 (a;i,..., x^) = 11^=1 4 > j {^ j )- 

/loKasaxe jiBcxBo. 

npoBepHH nepBoe yxBepjK^eHne npe^jiojKeHHH, na ocHOBannH (2.3.1), (1.3.3), 
n. 2 jieMMMBi 1.3.1 h (2.2.10) HMeeM 



= l[V,{E" 


= E‘ 


k'I 


i=i 


i=i 


anajiorHHHo npoBep^excH h Bxopoe paBencxBo b (2.3.3). 

/Ijih flOKaaaxejiBcxBa (2.3.4) cnanajia ycxanoBHM, hxo npn k G Z^(. ^jih 
/ G Lp(R‘^), 5 f G Lp/(R^) ^jih jiioGoro nenycxoro MHOJKecxBa J C {1,... ,(i} 
BBinojiHHexcH paBencxBo 




gdx = 



(2.3.9) 


Bbibo^ (2.3.9) npoBe^eM no nnyyK n nn oxnocnxejiBHO card J. Ilpn card J = 
1, x.e. npn J = {j},j = l,...,d, b cnjiy xeopcMBi OyOnnH, (1.3.1), (2.2.2) 
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HMeeM 


iiV,iEj:f))f)ix)gix)dx 

i ^ 

= [ f {{Vj{E^^f))f){xi, ... ,xj-i,Xj,Xj+i,... ,Xd)- 


g{xi, ..., Xj-i, Xj, Xj+i, ..., Xd)dxjdxi... dxj-idxj+i... dxd 
= f [ {E^dffixi,---,Xj-u-,Xj+i,...,Xd)){xj)- 


g{xi, ..., Xj-i, Xj, Xj^i, ..., Xd)dxjdxi... dxj^idxj^i... dxd 

f If • • • ) ^ji • • • 1 Xd)' 


{Eifg{xi,Xj_i, •, Xj+i,Xd)){xj)dxjdxi... dxj_idxj+i ...dxd 
— [ [ f {Xl, ■ ■ ■ , Xj—i, Xj, Xj^i, . . . , Xd)' 


{Vj{Eif )g){xi,..., Xj-i, Xj, Xj+i,..., Xd)dxjdxi... dxj-idxj+i... dxd 


= / f{x){V,{Eff)g){x)dx, 


HTo coBna^aex c (2.3.9) npn J = {]},] = 1,... ,d. 

npe^nojiojKHM, HTo (2.3.9) cnpaBe;];jiHBo ^jih jiioGoro MHoacecTBa J C 
{1,..., d}, fljiH KOToporo cardJ < m < d — 1. HoKaaceM, hto xor^a (2.3.9) 
HMeex Mecxo ^jih jiioGoro MHOJKecxBa J C ^jih Koxoporo card J = 

m + 1. IIpeflcxaBjiHH J b bh^c J = J U {i}, r^e i ^ J, vl nojiBsyacB (1.3.3), 

npe^nojioJKeHHeM FTHnyK im B, nojiynacM 


i ((n - / w(^:f)) ((n 

= £ ( (n VAE"))f^ m(EW))g)dx 

=£ -f- ((n vAEiffj mEif))g)yx=y /. (^(^n vAEif^y^, 


Hxo saBepmaex bbibo^ (2.3.9). 

IlojiaraH b (2.3.9) J = h ynHXBiBaji (2.3.1), npHxo^HM k 

(2.3.4). 
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IlpoBepjiH ( 2 . 3 . 5 ), f G Lp { W^),g G Lp/(R'^) BBH^y ( 2 . 3 . 4 ) nojiynaeM 


{ SJ)gdx = 


^ {-tyE^_J]gdx 

eeTG/(£)c/(«:) 


i-cy{E^_J)gdx = Y (“^) 

eer<i:fie)cfiK) ,gTy/(£)c/(«:) 

(-e)^ [ f-yE:yzi)dx= [ y 


{ E ^_ J)gdx 


e)7 ■ {E^_^g)dx 


eeTy/(£)c/(K) 


eer<i:f{e)cfiK) 


f ( Y i-^nE.-.9))dx 

[ f ( Y {-^ y { E ^_, g)]dx = j 


= / f{.^Kg)dx. 


\gTG/(£)c/(k) 


HaKOHep, yGepHMCH b cnpaBepjiHBocxH ( 2 . 3 . 6 ). IIpH d = 1 cooxHomeHHe 
( 2 . 3 . 6 ) coBnapaex c ( 2 . 2 . 12 ). VcxaHOBHM coGjiiopeHne ( 2 . 3 . 6 ) npn nponsBOJiB- 
HOM d E N . CorjiacHo ( 2 . 3 . 2 ), ( 1 . 3 . 3 ), n. 2 jieMMBi 1 . 3.1 HMeeM 

pp. = (t[y,xif)) (t[y,x!;n) = i[(yM;)y,x’j’)) -tlyixi!£!;n 

\j=i / \j=i ' / j=i ' j=i 

Oxciopa B cHJiy paBencxBa ( 2 . 2 . 12 ) c ynexoM ( 2 . 3 . 2 ) BBixexaex cnpaBepjin- 
BocxB ( 2 . 3 . 6 ) npH nponsBOJiBHOM d E N . 

B saKjiioHeHHe ycxanoBHM cnpaBepjiHBocxB yxBepjKpenHH n. 4 ). Tox cjiaxx, 
Hxo E ^ HBjiHexcH npoeKxopoM b Lp(M'^) cjiepyex h 3 ( 2 . 3 . 3 ). IIpoBepHM bbi- 
nojiHenne ( 2 . 3 . 7 ). f E KerE ^, yHHXBiBaa, hxo b cHJiy ( 2 . 3 . 1 ), ( 1 . 3 . 4 ), 
( 2 . 2 . 4 ) pjiH K E V Eiy cnpaBepjiHBBi paBencxBa 


(El4,(2--v))(x„...,Xi) = (II,.. .,Xi) 

d d 

= l[{E^’yyy2^^-uy){xy = l[yy2^^xj-uy = y{2^^x,-iyu .. .x^x.-uy, 

i=i 1=1 

( 2 . 3 . 10 ) 
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a xaKJKe Hcnojibsya (2.3.4), HMeeM 


0 = / 0 • 0(2'^a; — i')dx = 


= / f{x)-{el(j){2'^--u)){x)dx 


T.e. HMeex Mecxo BKjiioHeHHe 


(e^/)(a^) • - 


= / /(a:)-0(2^a; 


i')dx 

— u)dx, V G K G 


Ker£;P C {/ G : [ f{x) ■ (^{2^x - u)dx = 0 Vz/ G Z*^}. 

Jm.d. 

IIoKajKeM, Hxo coGjiioflaexcH h oGpaxHoe BKjiioHeHHe 

{/G Lp(M'^) : / /(x) • 0(2«a; - z/)da; = 0 Vz/ G Z'^} C Kei E^. (2.3.11) 

/Ijih 3X0X0 yGe^HMCH b xom, hxo cnpaBe;];jiHBa cjie^yiomaji 
JleMMa 2.3.3 

IlpH coGjno^eHHH ycjiOBHfi npe^jioJKenHH 2.3.2, ecjiH ^jih / G Lp(M'^) 

BBinOJIHHIOXCH paBCHOXBa 


f\x) ■ (j)(2'^x — iy)dx = 0, z/ G 


(2.3.12) 


xo fljiH jiio6oro Ha6opa (JiyHKpHH {gj G Lp/(R), j = 1,... ,d}, coGjno^aexcH 
paBOHCXBO 

/(a^) ■ = 0. (2.3.13) 

/],OKa3axe jiBcxBo. 

/I,OKa3axejiBCXBO jieMMBi npoBe^eM no nnyyK n nn oxnocnxejiBHO pa3Mep- 
HocxH d. Ecjih f G Zp(M) hmciox mocxo paBencxBa (2.3.12) npn d = 1, 
xo B cHjiy (2.2.5) E^f = 0, a Gjiaro^apn (2.2.2) ^jin g G Lp/(R) coGjno^aexcn 
paBencxBo 

[ f ■ {Eig)dx = [ {Elf) ■gdx= [ 0-gdx = 0, 

Jm. Jm. Jm. 

x.e. yxBepjK^enne jieMMBi npn d = 1 cnpaae^jinBO. 

npe^nojioJKHM, nxo yxBepjK^enne jiommbi Bepno npn d = n—1. HoKanceM, 
nxo xor^a ono Bepno n npn d = n. IlycxB ^jin / G Lp{W^) BBinojinnioxcn 
panencxBa (2.3.12) npn d = n. Tor^a ^Jin Kanc^oro E Ij npn jiioGbix 


79 



(z/i,..., Vn-i) G Z” ^ no TeopeMe OyGnnH HMeeM 



ynHTbiBan, nxo (j)n{‘2,'^"'■ —Vn) ^ Lpi(R), Un E 1^ (cm. (1.2.20)), a, cjie^oBaTejin- 
Ho, 0n(2'^"a;n — i^n) E Lpi{{RB'^~^) X M),i? E M+jt'n G Z, B BH^y nepaBCH- 
CTBa FejiB^epa sanjiionaeM, nxo (JiyHKpHn f{xi ,..., Xn-i, Xn) ■ — Vn) 

cyMMHpycMa na x M, i? G M+, n no xeopcMe OyGnnn (J^ynKpnn 

fj^f(xi, . . . ,Xn-l,Xn) ■ </)n(2'^"Xn — l'n)dXn CyMMHpyCMa (h, SnanHX, HSMCpn- 

Ma) na (i?i?”“^), R E M+. ripnneM, b cnjiy nepaBencxBa Fejin^epa n xeopeMBi 
OyOnnn nonxn ^jin Bcex (xi,..., Xn-i) E hmccx mccxo cooxnomenne 


/(xi, . . . , Xn-l,Xn) ■ (j)n{2'^’^Xn - l^n)dXn\^ 
< f / \f{Xl, . . . ,Xn-l,XnWdx. 


\(j)n{2'^'^Xn - Z^n)!^ dXr. 

E E Z. 


p/p' 


TaKHM oGpasoM, bh^hm, nxo ^Jin Kanc^oro E'L cJiynKpHJi 



. . . , Xn-l, Xn) ■ (j)n{2'^"Xn - l^n)dXn E 


Lp(R^-^ 


H fljin Bcex (z/i,..., z/„_i) G Z”“^ BBinojinnexcn ( 2 . 3 . 14 ). FIooxoMy, ncxo^n 
H 3 npe^nojioJKennn nnnyK n nn, npnMennn c ynexoM nepaaencxBa FejiB;];epa 
xeopcMy OyGnnn, npnxo^HM k BBiBo^y, nxo ^Jin Kanc^oro z/„ G Z ^jin jnoGoro 
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HaGopa 4)yHKn,HH {gj G Lp/(R), j = 1,..., n — 1} cnpaBe^jiHBo paBencTBo 


0 = 


f ( 2^1 ■}■■■■} ^n—l: ^n) ' 

/n—1 


X ( {Eiif gj){xj) jdxi... dx. 


i=i 


^n—1 


f (^1) • • • ) ^n—1) ^n) (n {Eif gj){xj)^ dxi... dxn-^ 


X (j)n{2'^^Xn - l^n)dXn, 


npHHeM, B cHJiy nepaBencTBa FejiB^epa h xeopeMBi OyGnHH (JiyHKpHJi 



n—1_ 

. . . , Xn-l,Xn) ■ ( JJ {Eif gj){Xj))dXi . . . dXn-1 
.?=1 


G -Fp(M) 


(cm. anajiorHHHyio cHxyapHio BBime). Oxcio^a, npHHHMaH bo BHHMaHne cnpa- 
Be;];jiHBocxB jicMMBi npH d = 1, nojiynacM, hxo ^jih jiioGoro naGopa (JiyHKpHH 
{gj G Lpi(M),j = 1,..., n} coGjno^aexc paBCHcxBo 


f (^ 1 ) • • • ) ^n— 1 )^n) (n {Eif gj){xj)^ dxi... dxn-^ 


X {E^f gn){Xn)dXn = 0, 


HJIH, BCJie^CXBHe XeOpCMBI OyGHHH, 


f{xi,. . .,Xn-l,Xn) ■ f JJ {Ei:fgj){xj)]dxi. . . dXn-ldXn = 0, 

\j=l / 


x.e. HMcex Mecxo ( 2 . 3 . 13 ) npn d = n.O 

TenepB npoBcpHM BBinojiHenne BKjnoneHHH ( 2 . 3 . 11 ). IlycxB ^jih / G Lp{W^) 
BBinojiHHioxcH paBCHcxBa ( 2 . 3 . 12 ). Tor^a ^jih jiioGoh (JiyHKpHH g G Lp/(R‘^) 

BH^a 

d 

g{xi,...,Xd) = Wgj{xj), ( 2 . 3 . 15 ) 

i=i 

noHXH fljiH Bcex (xi,..., Xd) G R'^, gj G Lp/(R), j = 1 ,..., d, b cHJiy ( 2 . 3 . 4 ), 
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( 2 . 3 . 1 ), ( 1 . 3 . 4 ), ( 2 . 3 . 13 ) HMeeM 


[ {Elf) ■gdx= [ / ■ {E^:g)dx 
jR‘i jRd 


f{xi,...,Xd) ■ (^(jlVjiEif)'^ (j^^gj{yj)^^{xi,... ,Xd)dxi.. .dxd 
= j ^ f{xi, ...,Xd)- (Elfgj)(xj)^dxi ...dxd = 0 , 


HJIH, KOpOHe, 


(Elf) ■ gdx = 0 . 


( 2 . 3 . 16 ) 


IlocKOJibKy jiHHeHHaH o 6 ojioHKa (JiyHKpHH g G LpfM.'^) BH^a ( 2 . 3 . 15 ) njioxHa 
B LpfM.'^), TO BCJie^cTBHe HepaBCHCTBa FejiB^epa paBencTBo ( 2 . 3 . 16 ) HMeex 
MecTo fljiH jiioGoh (JiyHKpHH g G LpfW^), a, cjie^oBaxejiBHo, Elf = 0 . Tcm 
caMBiM, flOKaaaxejiBcxo ( 2 . 3 . 11 ), a BMecxe c hhm h ( 2 . 3 . 7 ) aaBepineno. 

OcxajiocB npoBepHTB coGjno^eHHe ( 2 . 3 . 8 ). Cnanajia saMexHM, hto b BH^y 
( 2 . 3 . 10 ) MHOJKeCTBO 




H Gjiaro^apH jiHHefiHocxH jinHefinaH oGojioHKa 

span{0(2'^ • —z/), u G C 


Ha 3X0X0 BKjiioHeHHH, yHHTBiBaH, HTo B cHJiy HenpepBiBHocTH npoeKTopa El 
B Lp(R‘^) ero oGpaa Imi?^ aaMKnyx b Lp(R‘^), BBixeKaex, hxo 

closei^(Rd)(span{0(2'' • -z/), z/ G if]) C Im El. 

Hpe^nojioJKHM, hto cyipecTByex (JiyHKpHH /o G Lp{W^) xaKaa, hto 

Elfo ^ closeip(Rd)(span{0(2^ • -z/), z/ G Z"*}). 


Tor^a BCJie^cTBHe xeopeMBi Xana-Banaxa cymecxByex nenpepBiBHBiH jiHHefi- 
HBiH (JiyHKpHOHaji Ha Lp(R‘^), aHHyjiHpyiomHH aaMKHyxoe no^npocxpaHcxBo 
closeip(Rd)(span{ 0 ( 2 '^ • —z/), z/ G Z'^}), aHanenHe Koxoporo na (JiyHKpHH Elfo 
OTJIHHHO OT HyjIH. VHHXBIBaH paBOHCTBO (Lp(R‘^))* = LpfMf), HOJiyHaOM, HTO 
cymecTByex (JiyHKpHH g G Lp/(R'^) xaRan, hxo ^jih jhoGoxo z/ G Z'^ bbihojihh- 
eXCH paBOHCTBO 


0 ( 2 '^a; — z/) ■ g{x)dx = 0 , 
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a 


■9{x)dx ^ 0, 


HJIH 


a 



( 2 . 3 . 17 ) 

( 2 . 3 . 18 ) 


Ha BbinojiHeHHH ( 2 . 3 . 17 ) b cHJiy ( 2 . 3 . 7 ) cjie^yeT paBencTBo Ejfg = 0 , a, 
Gjiaro^apH ( 2 . 3 . 4 ), HMeeM 


{etg){x) ■ fo{x)dx = / g{x) ■ {e^pf^)(^^)dx, 


HTo npoTHBopeHHT (2.3.18). TaKHM oGpasoM, c^ejianHoe BBime npe^nojiojKe- 
HHe He BepHo, h, cjieflOBaxejiBHo, HMeex Mecxo (2.3.8). □ 

Hpe^jiojKeHHe 2.3.4 

HycxB (i G N H HaGopBi (JiyHKpHH 

0 = {01, • • • , 0d}, 0 = (01, • • • , 0d} 

xaKOBBi, Hxo npH j = 1,... ,d coGjiio^aioxcH ycjioBHH xeopeMBi 2.2.3 c cJiyHK- 
pHHMH (j)j, (j)j, a (JiyHKpHH 0, 0... sa^^aioxcH paBeHcxBaMH 

d d 

0(a^) = 

i=i i=i 

Tor^a npH 1 < p < cxd p;ji5i jhoGoh cJiyHKpHH / G Lp{W^) b npocxpancxBe 
Lp(R‘^) HMeex Mecxo paBeHcxBo 

/ = E £U- (2.3.19) 

/loKaaaxe jibcxBo. 

JXjis p;oKa3axejiBcxBa (2.3.19) b cHjiy npep;jio>KeHHH 1.1.1 p;ocxaxoHHo no- 
KaaaxB, hxo b ycjioBHHx xeopeMBi npn 1 < p < oo f G Lp{W^) cnpaBep;- 
jiHBo cooxHomeHHe 

11/ - ^ OnpH m(fi;) ^ c50. (2.3.20) 
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BbiBo^a cooTHomeHHH (2.3.20) ^jih / G Lp{W^) cnanajia noKaaceM, 
HTo OHO HMeex MecTo fljiH J 11060 H 4)yHKn;HH / G Lp(R'^) BH^a 

d 

f{xi ,..., Xd) = JJ /j(a;j)noHTH ^jisi Bcex(a;i, ...,Xd)e fj G Lp(R), j = 
i=i 

(2.3.21) 

B caMOM ^ejie, ^jih 4)yHKn;HH / G Lp(R'^) BH^a (2.3.21) b cHjiy (2.3.1), (1.3.2), 
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(2.1.5), TeopeMbi OyGnHH, (1.3.1) h (2.2.16) HMeeM 

d—1 ^ m m+l 


E ((H V,(E"))f - (n V,(Eif))f 

m=0 ^ j=l j=l 


d-1 


< E (Il''i(E"))f- (ll''^{Eif))({V^MEZ*'n)f) 

rn=0 ^j = l ^ S = 1 ^ 

d—1 / m \ 

= E (n ^AEi ’))(/ - iv„M{K':iZ)!) 

m=0 ^j=l ' 

d—1 m 

< E n ^i^EZ) ■ 11/ - (k,+i(£:E’’))/iIi.(,-i 

771=0 j=l 

d—1 / m \ 

^E nii^^ 4 ’’iio(i.(>»^i.(«))) ■ 11 /- {v„M(K':in)s\\L,m 

m=0 ^j=l ^ 

d—1 / m \ 

s E ■ 11/-(''™+i(£^”.«’’))/iii.(-‘) 

771=0 ^j = l ' 

d—1 d / p 

< C2-J2 \\f-iv.a+i{KZY))f\\L,m-) = c^E) / Ifi^ZiivAEZnfK^Wdx 


m=0 


j=l 


-.■E 

i=i 


f (2^1) • • • ) —1) ) ^i+l) • • • ) ^d) 


))/)(a^i, • • •, Xj-I, Xj, Xj+i, ...,Xd) 
d 

, / / / , 


P \ 1 /p 

dxjdxi... dxj-idxj+i... dxd 


-.■E 

i=i 


(//(■)( n 

i=l,...,d:ij^j 

d 

X 

= C2 

3 = 


UC/ 


n 

i=l,...,d:ij^j 

p \ i/p 

dxjdxi... dxj-idxj+i... dxd 


n /.(-^ 

X (^j fj){xj)\Pdxj^dxi... dxj_idxj+i... dx^ 


i/p 


n 

i=l,...yd:i^j 


= c.E 

i=i 

d 

=^ 2 - 5 ^ n 

j=l i=l,...,d:ij^j 


... dxj-idxj+i ...dxd 


•||/j^(^Kf/i)llLp(M) ^ 0 npH m(K) ^ 00 . 

Lp(Rd-i) 

(2.3.22) 



Ha (2.3.22) cjie^yeT, hto cooTHomeHne (2.3.20) cnpaBe^jiHBo ^jih jiioGoh 
(JiyHKpHH / G Lp(M^), npHHa^jiejKamefi jiHHefiHOH oGojioHKe (JiyHKpHH BH^a 
(2.3.21). Oxciofla, npHHHMaa bo BKHManne, hto jiHHefiHaH oGojioHKa cJiyHK- 
pHH BH^a (2.3.21) njioTHa b Lp(R'^) (h 6 o ona co^epacHT (JiyHKpHH BH^a 
eC,Qi = + 6il^,x^ G G = 1,..., n, n G N), 

H yHHTBiBaH, HTo BCJie^cTBHe (2.3.1), (1.3.2), (2.1.5) nopMBi onepaxopoB 
: Lp(R‘^) I— )■ Lp{M.'^),K G Z^(_, ne npeBocxo^Hx oGipeH KOHcxanxBi, aa- 
KjiioHaeM, Hxo (2.3.20) coOjno^aexcH ^jih jiioOoh cJiyHKpHH / G Lp(R'^).n 


2.4. B 3XOM nyHKxe ycxanaBjiHBaexcH KoneHHBiH peayjiBxax paOoxBi xeo- 
peMa 2.4.2. Ho npexc^e, onnpaHCB na jieMMy 2.1.1 h nocjie^yiomHe yxBep- 
>K;];eHH5i, noKajKOM, hxo HMeex Mecxo 
TeopeMa 2.4.1 

HycxB d E N,1 < p < oo R coGjiio^aioxcH ycjioBHH npe^jiojKeHHH 2.3.4. 
Tor^a cyipecxByex Koncxanxa Ci{d,(f),(f),p) > 0 xaxan, hxo ^jih jiioGoro ce- 
MeficxBa HHceji ■ n G BH^a = Y['j=i'^ip ^^4® <^4 ^ ^ 

Z+, j = 1,... ,d, fljiH / G Lp(W^) cnpaBe^jiHBo HepaBencxBo 


Y 1 

/tez^ 


< Cl||/||ip(]Rd), 


(2.4.1) 


r^e = Sfl, K, E Z'^ onpe^ejiHexcH b npe^jiojKenHH 2.3.1. 

/loKaaaxe jiBcxBo. 

Cnanajia noKaxceM, hxo b ycjioBHHx xeopeMBi ^jih jiioOoro nenycxoro mho- 
xcecxBa J C {!,..., d} npn jiioGom E {Z'^)'^ h jiioObix naGopax hhcoji 
{al. G { — 1 , 1 }, Kj = 0,..., kj},j E J, flJiH / G Lp(R'^) HMeex Mecxo nepa- 

BeHCXBO 


KJez-^ikJ) ^j&J 


< 


JJci(l,0j,0j,p) 

jej 


Lp{Rd), (2.4.2) 


r^e m = card J, a 8i;J = kj E Z+,j = 1,... ,d. 

d],OKaaaxejiBCXBO (2.4.2) npoBe^eM no HnnyK H nn oxhochxcjibho m. Hpn 
m = 1, x.e. j = 1,... ,d, HcnojiBayn n. 2) jicmmbi 1.3.1, xeopeMy OyOnnH, 
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(1.3.1), (2.1.4), HMeeM 




,Xd) 


(vA^imW = 

Kj=0 

vsiT. <«»f))/ 

Kj=0 ^ 

^i( )) A (^1’ • • • ’ ^i-1’ 

K,=0 / / 

X dxjdxi... dxj-idxj+i... dxd 

^3 \ 

Y1 • • • ’ ■’ ^i+i’ • • • > ^<^) ) (^i) 

s=o ^ 

X dxjdxi... dxj_idxj+i... dxd 

kj 

( Y1 • • • ’ ■’ ^i+i’ • • • ’ ^<^) 

X (ixi... dxj-idxj+i... dxd 

< / ici{(l)j,^j,p)\\f{xi, . . . ,Xj-i,-,Xj+i, . . . ,Xd)\\Lp 

jR-i-l v 

X dxi... dxj-idxj+i... dxd 

= (Cl(0i,0i,P))^ / / \f{Xi,...,Xj_i,Xj,Xj+i,...,Xd)\^ 

jRd-l JR 

X dxjdxi... dxj_idxj+i... dxd 
= iCl{<Pj,^j,P)T [ \f{x)\^dx = (ci(0j,0j,p)||/||i^(R<i))^, 


OTKy^a 


kj 


c: 




< Cl(0j, 0j,p)||/||2,p(Rd), 


(2.4.3) 


HTo coBnaji;aeT c (2.4.2) npn m = 1, J = {j}. 

ripe^nojioJKHM xenepb, hto npn neKoxopoM m:l<m<d — 1, open- 
Ka (2.4.2) HMeex Mecxo pjiH jiioGoro MHoacecxBa J C {1, . .. ,d} : cardJ = 
m, npH jiioGom G (Z^)"^, jiioGbix naGopax hhcbji G { —l,!},^^ = 

0,...,kj},j G J, H jiioGoh (JiyHKpHH / G Lp{W^). IIoKaJKeM, hxo xorpa 
HepaBencxBo (2.4.2) cnpaBepjiHBo npn m + 1 BMecxo m pjiH jiioGoro mho- 
jKecxBa JT” C {1,..., d} BMecxo J, y Koxoporo card JT” = m + 1, npn jiioGom 
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G jiioGbix HaGopax HHceji {a{. G {—1, 1}, = 0, ..., kj},j G JT”, 

H JIK)6oH (JiyHKpHH / G Lp(R‘^). IIpeflCTaBJIHH MHOJKeCTBO JT” C {1,..., d} : 
card JT” = m + 1, b bh^c J = J U {i},i ^ J, c ynexoM (1.3.3) b cHJiy (2.4.3) 

H npe;];nojio>KeHHJi HH^yKpHH nojiynacM 


E <(r.Kf))( (n(<r,Kf)))/ 


Ki=0 


< Ci(0i,0*,p) 


E nK^(^^f)) / 


K-^ez:[*(A:-^) peJ 


< Ci(0i,0.,p)( JJci(0j,4-,p) )-||/||l^ 
S'GJ 


JJci(0j,0j,p) 

jeJ 


HTo saBepmaeT bbibo^ (2.4.2). 

B HacTHocTH, H 3 (2.4.2) npH m = d BBH^y (2.3.2) nojiynacM, hto b ycjio- 

BHHX TCOpCMBI npH JII 060 M k G Zi CoGjIIO^aeTCH HCpaBCHCTBO 


E 

K£lA{k) 


< Cl 


, =n ^ 

i=i 


(2.4.4) 


r^e G {-1,1},^^ G Z+, j = 1,..., d, / G Lp(M^),Ci = ni=i Ci(0i, 4',P)- 
TenepB y6e;];HMCH b cnpaBc^jiHBocTH (2.4.1). ^jih nponsBOJiBHoro ccMefi- 
CTBa HHceji {a^ = n)'=i e {-1,1}, j = 1,..., d, k G Z^}, cJiyHKpHH 


J- 

j paccMOTpiiM nocjie^oBaxejibHocTb 


E E eLp(R‘^),kezA 

^ / 7 . 


(fc e) 

H, npHHHMaH BO BKHMaHHC (2.4.4), ceKBeH TT FTa.TTBHyTo KOMnaKTHOCTB mapa 
B{Lp{W^)) OTHOCHTCJIBHO *-cjia 6 oH TonojiorHH B npocTpaHCTc Lp(R'^) = (Lp/(R'^))*, 
BBiGepcM noflnocjieflOBaxejiBHocTB 


I E <r.-(sj)--kn< kn+lj 

^ . ^rnd. ft. . \ 


' Ke.lAikn e) 


n G N 



H 4 )yHKii;Hio F G Lp{W^), oGjia^aromne tcm cbohctbom, hto ^jih jiioGoh 4 )yHK- 
ii;hh g G Lp/(R‘^) BBinojiHHexcH paBencTBO 


lim 

n—>oo 



e) 


)gdx 



(2.4.5) 


SaMBTHM, HTo npH J 11060 M K, E Gjiaro^apH (2.3.5), (2.4.5), (2.3.6), ^jih 
S' G Lpi{W^) HMeex Mecxo paBencxBo 


{8^F)-gdx= [ F-{8^g)dx= lim [ ( ^ ■ {8^'f)){8^g)dx 

K'eZ“ (fc„ e) 

= lim 8^1 a^' ■ {8^>f)) -gdx 

( ^ ■ £:P(£^,/)^SC^a; = [ a^- {8J)gdx, 

' I'j... ..4 ^ 


= lim 

n—>oo 


K'€Z«(fc„ e) 


H, 3HaHHX, 

8^F = a^-{8J'). (2.4.6) 

YHHXBiBaH (2.4.6), (2.3.19), saKjiioHaeM, hxo 

Y E XX) 

Kel8^(k) K&Z'^{k) 


cxo;];hxc5i k F b Lp(R‘^) npn m(A;) -E oo. HosxoMy, nepexo^H k npe^ejiy npn 
m(A;) —)■ cxD B HepaBencxBe (2.4.4), npnxo^^HM k (2.4.1). □ 

Cjie^cxBHe 

B ycjioBHHx xeopeMBi 2.4.1 ^jih jiioGoro ceMeficxBa hhcbji {uk : k G 
BH^a a^. G {-1,1}, G Z+,j = l,...,ci, h jiio6oh 

4)yHKn;HH / G Lp(R‘^) coCjno^aexcH HepaBencxBo 


||/||Lp(Rrf) < Cl 


(Tk ■ {8J) 


K&'l 


(2.4.7) 


/{oKasaxe jiBcxBo. 

Cnanajia noKaaceM, hxo npn jiio6om k G Z{_, jiioGom naGope hhcbji {(Tk = 
G {-1,1}, j = 1,..., ci, k G Z{.(A;)}, ^jisi / G Lp(R‘^) cnpaBe^- 
jiHBo HepaBencxBo 


\Ekfl 


< Cl 


E 

(fc) 


(Tk 


(^./) 


(2.4.8) 
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B caMOM ^ejie, BBH^y (2.3.6), (1.1.1) HMeeM 



= ( E E 

^KeZ^(A:) ' k€Z^(A:) 

OxKy^a, npHMeHHJi (2.4.4), bbibo^hm 


\Ekf\\Lp{R<i) 





<Ci|| a^>-{S^>f)\\, 

K'GZ^(fc) 


KaK BH^Ho H3 BBiBo;];a (2.4.1) H (2.3.20), b nepaBencTBe (2.4.8) mojkho 
nepeHTH k npe^ejiy npn m(/c) —)■ oo, b pesyjiBxaxe Hero nojiyHHM (2.4.7). □ 

C noMoipBio xeopeMBi 2.4.1 h cjie^cxBHH hs nee, onapaacB na cxeMy ^oxa- 
saxejiBcxBa xeopeMBi JlHxxjiBy^a-IIojiH, HSJiojKeHHyio b [3] ^jih onepaxopoB 
B35IXH5I HacxHBix cyMM KpaxHBix pH^oB OypBe, ycxanaBjiHBaexcH 
TeopeMa 2.4.2 

IlpH coGjno^eHHH ycjioBiiH xeopeMBi 2.4.1 cyipecxByiox KOHcxanxBi C2{d, 0, 0, p) > 

0’ 

c^{d, 0, 0, p) >0 xaKHe, hxo p;ji5i jiioGoh cJiynKpHii / G Lp(R‘^) BBinojinaioxcH 
HepaBencxBa 


C2 


< 


E 

k^iA 




v!'^ \ i/p 

dx I 


< C3 


(2.4.9) 


0[oKa3axe jiBcxBo. 

PaccMoxpiiM cHcxeMy Pap;eMaxepa, cocxoHipyio h 3 cJiyHKpHH 

= signsin(2'^’''^7rt), t G /, k e Z+, 

H onpep;ejiHM ceMeficxBo cJiyHKpHH cuf, k G Z^(., nojiaraa 

d 

i=i 
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KaK H3BecTHo (cm., HanpHMep, [3, n. 1.5.2]), cyipecTByioT KOHcxaHTBi C 4 {d,p) > 
0 ,C 5 ((i,p) > 0 xaKHe, hxo npn jiio6om k G jiioGoro naGopa hhccji 

{ok G C, k G Z'^{k)} HMcex Mecxo HepaBCHcxBo 

ca { ^ II < C 5 ( (2-4.10) 

KeZ'l{k) Kezfik) K&'l{k) 

/Ijih / G Lp(R'^) npn k G Z^(_, HcnojiBsyji (2.4.8), xeopcMy OyGnHH, 
(2.4.10), BBIBO^HM 
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H, nojibsyacb (2.4.10), xeopeMOH OyOnnH, (2.4.4), nojiynaeM 


KGZ^(fc) 


(X 


[X 


[ ( Y 1 dx< f (c7 

-{crY f [ E a"W-(A/)( 

.GZi(fc) 

KGZ^(fc) 

= (^ 7 )'/ 5^ <X)-xj) 

Kez^(fc) 

- (^ 7 )^ [ {ci\\f\\Lp{w<i)Ydt = (cs) 




A 


dtdx 


dxdt 


PH flip 

Lz,(R'^)’ 


OTKy^a, B HacTHocTH, HMeeM 


/ ( E l(f./)(i^)r)''"'*<(c3)’'ll/IIL|,.,.n eZ+. (2.4.12) 


^kGZI (n e) 


yijiH nojiyneHHH Bxoporo HepaBencxBa b (2.4.9) ^ocxaxoHHo npHMenHXB 
xeopeMy JleBH o npe^ejiBHOM nepexo^e no^ snaKOM HHxerpajia k mohoxohho 
BospacxaiomeH nocjie^oBaxejiBHocxH (JiyHKpHH {(X^kZ'* (ne) ^ 

Z+}, npHHHMaH BO BHHMaHHe (2.4.12) H yHHXBIBaH, HXO nOHXH flJIH Bcex 
a; G npe^eji 


lim ( E l(^«/)(a^)n = ( lim E l(^«/)(^)n 

2^00 \ ^ ^ / \ n—>-CxD ^ ^ / 

KGZ^(nc) KGZ^(nc) 

E \xj)(^)? 

kGZ(( 

IIocjieflHee paBencxBo cnpaBe^jiHBo b cHJiy xoro, hxo npn k G HMeex 
Mecxo cooxHomeHHe 




E l(^«/)(a^)P< E l(^«/)(^)P^ E \{SJ){x)\‘^,x eR‘^. 

KeZ^(m(fc)e) KeZ^(fc) KGZ^(9K(fc)e) 

BBH^y cKaaaHHoro h na ocHOBannH (2.3.20) nepexo^H k npe^ejiy b (2.4.11) 
npH m(/i;) —)■ 00 , npHxo^HM k nepBOMy HepaBencxBy b (2.4.9). □ 
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